3

Conepxanue
231501 (53 1 S 4
OO6mme peKOMEHAIMY CTYICHTY TI0 pad0Te HaJl KYyPCOM MAaTeMATHKHM. ............... 4
VYkazanus Kk BRIDOJTHEHUIO KII3. ... e, 4

1. OcHoBHEIE CBCIACHMA U3 TCOPHUU U ITPUMCPLI pCIICHUA 3a1a4

1O TeMaM KJIIZ3 NO L..ooii e 5
1.1. MaTPUITBI M OTIPEIICITHATEIT . . . v vv e ennteeennteeenneeeenneeennaeeannaeeaneeeaseeanneeens 5
1.2. Meton Kpamepa penieHust CUCTEM JTUHEHHBIX YPABHEHUM . ....ouvvneeenneennaenee. 7
1.3. Merop 'aycca pemieHnsi CUCTEM JTUHEUHBIX YPABHEHUM . ....ovvuveeeeneeeannneennnn, 9
1.4. Matpu4Hblii METO/ PELICHUSI CUCTEM JIMHEWMHBIX YPABHEHHUM. ......evvueenaenn... 11
Bamaur K B No L oo 12
2. OCHOBHBIE CBEJICHUS U3 TEOPUH U MPUMEPHI PEIICHUS 3324

O TeMaM K 3 No 2 19
2.1. BexktopHas anredpa U aHaTUTHYCCKAS TEOMETPHSM . .. v nvvennrennreenneenneennneenans 19
2.2. KOMITIEKCHBIE YMCIIA U IEHCTBUS HAL HUMH . . ... ueenteeneeneenieaieenieaieennennens 23
PARCIAN) | V18] oF:17 ke (10397 (Sl 3 0) 4 4 0 o) S 29
Bamaur K I3 No 2 32

] 07 1S o s 1 o ¥ H 36



4

BBenenue

B kypce «MaremaTtnka. Anredpa ¥ TeOMETpHs» CTYIACHTHl HAlpaBICHHUS
230100 nnHeBHOro oOy4YeHHUS H3y4alOT TeMbl «MaTpuibl U  ONpPEICTUTETN,
«CucreMbpl JUMHEHHBIX YypaBHEHMI», «BekropHas anreOpa H aHaIUTHYECKas
reoMeTpus», «KOMIUIEKCHBIE Yucaay U «ANreOpanyeckue CTPYKTYPbD» U JOJIKHBI
BBITIOJTHUTh CAMOCTOSATENIBHO JIBa KOHTPOJIbHBIX AoMaliHuX 3aganus (K/13).

B nmanHOM mocoOMHM conepikaTcs KpaTKHEe TEOPETHUECKUE CBEACHUSA WU
pa3o0paHbl NpuMepbl, HeoOXoaumble Ui BeimoiaHeHus KJI3; taxke ans Kakaoro
K/I3 npuBenens! ycinoBusi 24 BapHaHTOB, TJe nepBas nudpa - 3T0 HOMEP 3aJayH,
UQPBI IOCIIE TOUYKH - ’TO HOMEP BapHaHTA.

OO0uue pekoMeHIALMH CTYIEHTY 10 padoTe HAJl KypPCOM MATEeMATHKH

CamocTosTenbpHass paboTa HaJ y9eOHBIM MATEPUATIOM COCTOUT U3 CIIEAYIOIIUX
AJIEMEHTOB:

1) u3yveHune Marepuaia mo JeKIHsIM;

2) u3ydeHWe Marepualia Mo y4eOHUKY W y4eOHBIM TOCOOMSM (CM. CIIHCOK
JUTEPATYPHI);

3) BBINIOJIHEHUE KOHTPOJIbHBIX oMarHux 3aaanuii (KJ13).

CryneHT MOeT 00palaThCs K MPernoiaBaTesto A NOMyuYeHUs! KOHCYIbTALUH.

Yka3anus k BeinosiHeHn1o KJ13

1. Kaxznoe KOHTpOJIbHOE [OMAaIlHEEe 3aJaHuE€ [OJDKHO BBIMONHIATHCS B
OTAEJIBHOW TOHKOW TETPaaAu B KIETKY, YEPHWUJIAMU YEPHOrO WJIM CHUHEro IBETA.
Heo0xoaumo ocTaBiATh MoJIs U1 3aMEYaHUil PenoaBaTersl.

2. Ha tutynapHOM nHCTE TETpaau AOKHBI ObITh YETKO HAamMMCaHbl (pamMuius
CTYZIEHTa, €70 MHULHAJIBI, HA3BaHWE JUCLUIUIMHBI, HOMEP BBIIOJIHAEMOIO BapHaHTA.
Kaxk nmpaBuno, HoMmep BapuaHTa 3a0aETCA NMPETOJABATEIEM.

3. PemeHus 3a1a4 Hy»KHO pacroJjlaraTb B IOPSAKE BO3PACTaHHUSI UX HOMEPOB,
00s13aTeIbHO 3aMKChIBas YCIOBHE KaXKI0M 3a/1a4H.

4. Pemenus 3amay cineayeT M3iaraThb MOAPOOHO M aKKypaTHO, OOBICHSS U
MOTHBHPYSI BCE IEHCTBUS MO X0y PEIICHUs U JieTasi HEOOXOAUMBIE YEPTEKHU.

5. OdopmieHnue perieHus 3a/1auu ciaeayeT 3aBepiuaTh CI0BOM «OTBET».

6. Ilocne mosyueHus: MpoBEpEeHHOM MpenogaBaTesieM padoThl CTYJAEHT JT0JKEH
B ATOM XK€ TeTpajau cAenaTh paboTy HaJ OUIMOKaMH (€ClIM OHM €CTh) U CAaTh TETPaib
CHOBA Ha MPOBEPKY IPENOAABATEIIIO.
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1. OcHOBHBIE CBeI€HHSI M3 TEOPHHU U NPUMEPLI pelIeHus 3a1a4
no temam KJI3 Ne 1

1.1. MaTpuubl ¥ onipeeTuTe T u

Mampuya pazmepa Mx N - 3TO MPSAMOYTOJIbHAS TaOIUIA YUCEN, COCTOSIAS U3
M CTPOK U N CTOJOLOB.
Han maTpumamu MOKHO TIPOU3BOANTH CIEAYIOIIME ONEpaIlii: YMHOXKATh Ha YHUCIIO,
CKJIa/IbIBATh (BBIYUTATD), YMHOXKATh MEXIY COOOM.

Ilpoussedenuem uncna k Ha Marpuily A Ha3bIBaeTCSd MaTpHIlA, DJIECMEHTHI
KOTOPOH TOJIYYECHBI U3 AJIEMEHTOB MaTPHIBl A YMHOKXEHHEM UX Ha YUCIO K .

Cymmot (pa3HocThiO) MaTpull A u B onuHaKoBON pa3MEpHOCTH Ha3bIBACTCS
MaTpuIa TOU K€ Pa3MEPHOCTH, KaXIAbIA JIIEMEHT KOTOPOU paBeH CyMMe (Pa3HOCTH)
COOTBETCTBYIOIIMX 3JIEMEHTOB MaTpull A u B.

Ilpoussedenuem Matpuipl A pasmepa Mmxn Ha matpuny B pasmepa nx p
Ha3bIBAETCS MATpHIlA pasmMepa Mx P, 3JEMEHT KOTOPO#, CTOSIIHI B | -i CTPOKE U | -

M CTOJIOIE, pAaBEH CyMME IIPOU3BEICHHI COOTBETCTBYIOIIUX DJIEMEHTOB | -i CTPOKH
MaTpuil A B | -ro cTosbIiia MaTpuibl B.
Baxxnoe cBoiictBo: A-B#B- A

Ipumep 1. /[ansl MaTpuLsl

1 2 3 2 3 2
A= 0 1 -2| =1 4
-3 0 4 1 5
Havitu matpunier 4- A, A+B, A-B, A-B, A-C.
Pewenue
4.2 4.3 4 8 12
4.-A=4. 1 2} 4.1 4-(-2)|=| 0 4 -8],
-3 0 4 4.(- 3) 4.0 4.4 -12 0 16

3 -2 1+2 2+3 3+(-2) 3 5 1
A+B=|0 1 -2|+|1 4 0 |=|0+1 1+4 -2+0 |=|{1 5 -2|,
5 1 -3+1 0+5 4+1 -2 5 5

1 3 3 -2 2 2-3 3-(-2)) (-1 -1 5
A-B=|0 1 -2|-|1 4 -1 0-1 1-4 -—2-0|=|-1 -3 -2
30 4 5 1) (-3-1 0-5 4-1 4 -5 3



1 2 3)(2 3 -2
A-B={0 1 -2|-|1 4 0 |=
-3 0 4)(1 5 1

1.2+2-1+3-1 1-3+2-4+3-5 1-(-2)+2-0+3-1
=10-2+1-1+(-2)-1 0-3+1-4+(-2)-5 0:-(-2)+1-0+(-2)-1 |=
-3-2+0-1+4-1 (-3)-3+0-4+4-5 (-3)-(-2)+0-0+4-1
2+2+3 3+8+15 -2+0+3 7 26 1

=| 0+41-2 0+4-10 0+0-2 |=|-1 -6 -2|,
-6+0+4 -9+0+20 6+0+4 -2 11 10

1 2 3)(3 1.3+2.(-)+3-7 3-2+21 22
AC=l0 1 -2||-1|={0-3+1-(-1)+(-2)-7 |=| 0-1-14 |=|-15].
30 4)(7 ~3.3+0-(-)+4-7 ) (-9+0+28) | 19

OtBeT YKa3aH I10 ITYHKTaM.

Onpedenumensy MaTpullbl - 3TO YHUCIO, KOTOPOE CTABUTCA B COOTBETCTBHE
KBaJpaTHON MaTpuIle. YHHUBEPCATBHBIM METOJIOM BBIYHUCICHUS OMPEICTUTEIIS
SBIISIETCS PA3JIOKEHHE TI0 CTPOKE WM CTONOIy. Pasznarare onpeaenuTenb HY>KHO TI0
TOM CTPOKE WJIU CTOJIOIY, T/ie OOJIbIIE BCETO HYJICH.

IIpumep 2. BprYuCIuTh ONPENEIUTENb YETBEPTOIO MOPSIKA

2 0 0 3
1 1 20
A= :
5 4 00
-1 0 31

Pewenue. Paznoxum orpeaeauTenb 0 IEPBOi CTpoKe 1o ¢popmyie:

A=a,-Aj+a, A, +ay-A+a,- A,

1 2 0 1 1 2
A=2-4 0 0/+0+0-3-|5 4 0/=2-(-8)+0+0-3-5=-31.
0 31 -1 0 3

OtBer: A =-31.
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1.2. Meton Kpamepa pemenusi cucteM JJUHEHHBIX YPABHEHH I

IlycTp cucrema MMHENHBIX YPaBHEHUN
aX+a,y+az=h
&, X +a,Y +a,z=b, (1)
Ay X+ 8y Y +a5,Z =D,
MUMEET OTJINYHBIN OT HYJISL ONPEIECIIUTENb MATPULIBI KOA(PPUIUEHTOB, TO €CTh

a; a, a;
A=1ay 8, ay# 0.
Ay 8y Ay

Torma cucrema (1) WmeeT €AMHCTBEHHOE pEIIEHHUE, KOTOPOE BBIUUCIACTCS IO
dhopmynam Kpamepa:

Ax Ay Az
X=—, y=_> L=—,
A A A
rac
b, a, a; a, b a, a, a, b
szbz ), dy, Ay=a21 bz e Az=a21 Q) bz-
b, a, a; ay, b ay a, &, b

Onpenenurens A MOXKHO BBIYMCIHMTB, HATPUMED, MO NPABUITY TPEYTOJIbHUKOB:

&, &, a5
A=lay 8y, 8y =888 + 81,8585 + 838,85, — 838,83 — 818,58, — 83,8,,84.
dy 8y g

Onpenenurenu A, , A, A, MOXHO BbIYHCIUTH AaHAJIOTUYHBIM 00pa30M.

2X+3y =5
IIpumep 3. Pemuth cucremy 5 7 MetonoM Kpamepa u mpoBepUTH OTBET
X—-y=
rpaguvecku.

Pewenue. Onpenenurens MaTpuilbl KOAGGUIIMEHTOB paBeH

2 3
A= =2-(-1)-5-3=-17,
5 -1
5 2 5
Onpenenurenn A, u A, paBabl A, = 2 4 =-26, A, = £ 7 =-11.
A
CiietoBaTeNbHO, Xzﬁ—%—lg, y:—y:E.

A 17 17 A 17
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[IpoBepum rpaduuecku. KoopauHatel TOUKM TEpeceueHus MPSMbIX AOKHBI OBITH

x=lizl,529; y=Ez0,647.
17 17

15 -

10+

15

OtBeT cornacyercs ¢ rpaduKom.

IIpumep 4. Pemuth cucremy ypaBHeHui Merogom Kpamepa

2X+5y+2z=1
X+3y+4z=06
3X+2y—-z=-1.
Pewenue. Beruucnsgem onpenenurenb
2 5 2
A=1 3 4|=2-3-(-1)+5-4-3+2:1-2-2-3-3-2-4-2-5-1-(-1) =
3 2 -1

=—6+60+4-18-16+5=29.
Onpenenmurens A =29 =0, ciegoBarebHO, CHCTEMAa UMEET €IMHCTBEHHOE PEIICHHUE.
AHaJOTMYHBIM 00pa30M BBIUMCIISIEM ONPEASIUTENHN A, , Ay, A,

1 5 2 2 1 2 2 5 1
Ay=16 3 41=29, A=|1 6 4|=-29, A,=]1 3 6|=58.
-1 2 -1 3 -1 -1 3 2 -1
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Haxonaum perienne cucremsl 1o opmyaam Kpamepa:
A —
A 29 A 29
Otet: x=1 y=-1 z=2.

1.3. Metoa I'aycca pelieHus1 cUCTeM JIMHEHHBIX YPaBHEeHUii

Jlns  pemenuss cucteMbl ypaBHeHuil (1) Meromom ['aycca, cocTaBisilOT
PaCIIMPEHHYIO MAaTPUILy KO3(PDHUITHUESHTOB

a, a, aglb
A,y &, 8ylb
Ay , b

C mnoMouipl0  3JEMEHTapHBIX  MpPeoOpa30BaHMN  PACIIMPEHHYIO  MaTpPHILY
KO3(PUIIMEHTOB CUCTEMbI YPaBHEHUI MPUBOJIAT K TPEYTrOJIbHOMY BUY

1 % x|*
0 1 =x|*
0 0 1

Bmecto 3Haka * OynyT Kakue-nuOO 4YHMClia, TMOJYYMBIIMECS B PE3YJIbTATE
3JIEMEHTAPHBIX MPEe0OPa30BaHUI MaTPHULIBI.
JlommycTuMble 35IeMEeHTapHbIe MPeoOpa30oBaHUs MATPUILIBL:
1) MOKHO MMOMEHSATH JHOOBIE IBE CTPOKU MECTaMU;
2) mo0yr0 CTPOKY MOXHO YMHOXHTh (WS pa3AeliiTh) Ha JII0OOE€ HEpaBHOE HYJIIO
YHCIIO;
3) Kk 11000 CTPOKE MOKHO MPUOABUTH (MJIM BBIUECTH) JIIOOYIO CTPOKY, YMHOKEHHYIO
(nnu pa3nenéHHyr0) Ha 11000e HEpaBHOE HYIIIO YUCIIO.
ITo mocnenHen MaTpue COCTABISIOT COOTBETCTBYIOLIYIO €M CUCTEMY YPaBHEHUH
X+ *-y+ *.7= %
y+  x.Z= *
7= *

1 MOCJIeIOBATEIbHO HAXOISIT HeU3BECTHRIC Z, Y, X.

Ipumep 5. Pemnts cucreMy ypaBHeHur MeToaom [aycca
2X+5y+2z=1

X+3y+4z=06
3X+2y—-z=-1.
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Pewenue. CoctaBnsieM paclIMPEHHYIO0 MAaTPUILy KOI(DPUIIUEHTOB.

2 5 2|1
1 3 4|6
3 2 -1-1
MeHsieM MecTaMu IEPBYIO U BTOPYIO CTPOKH.
1 3 4|6
2 5 21|
3 2 -1-1
Ko BTOpOI#i cTpoke mpubasiisieM NepBYIO CTPOKY, YMHOKEHHYIO Ha —2.
1 3 4|6
0 -1 —-6]-11]|.
3 2 -1-1
K tperbeii cTpoke mprbaBiisieM NEPBYIO CTPOKY, YMHOKEHHYIO Ha —3.
1 3 416
0 -1 -6|-11]|.
0 -7 -13|-19
YMHO)aeM BTOpYIO CTpOKy Ha —1.
1 3 4|6
0 1 6|11
0 -7 -13|-19
K TpeTneit cTpoke npubasisieM BTOPYIO CTPOKY, YMHOKEHHYIO Ha 7 .
1 3 4|6
0 1 6111|
0 0 29|58
JlenuM TpeThIo CTPOKY Ha 29.
1 3 4|6
0 1 o1
0 0 12
ITo mocnennen MaTpuLe COCTaBIsIEM COOTBETCTBYIOLIYIO € CUCTEMY YPaBHEHUH
X+3y+4z=56
y+6z=11
z=2.

Pemas cucremy cHU3y BBEpX, HaxomguM, 4yto y=-1, x=1.
OtBet: Xx=1, y=-1, z=2.
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1.4. MaTpu4HBIA MeTO/1 pellieHus CUCTEeM JIMHEHHBIX YpaBHEHUii

OTO METOJ pelIeHusl ¢ MoMoIbi0 00paTtHO MaTpullsl. Ilepenuiiem cucremy
ypaBHeHUH B MaTpu4HoM Buzie: A- X =B, rae

4, &, a5 by X
A=|a, a, ay|, B=b |, X=|Yy]|.
8 8y 85 b, z

Tormra X =A"'-B, rme A'- Matpulia, oopatHas kK marpuiie A. ObparHas mMaTpuIa
CYIIECTBYET MJig JIOOOM HEBBIPOXKICHHOM KBaJpaTHONW MAaTPHUIbl, TO €CTh A
MaTPHUIIbI, OTIPEACTUTEIL KOTOPO ‘A‘ # 0, u HaxoauTCs Mo popmyJie

(P A ALY
Alzm- Ay A, Ay| roe A —anredpanyeckoe JOMOIHEHHE DIEMEHTA ;.
A Ap A
IIpumep 6. Permuth cuctemMy ypaBHEHUH C TOMOIIBIO OOPAaTHON MaTPUIIbI
2X+5y+2z2=1
X+3y+4z=06
3X+2y-z=-1.
Pewenue.
2 5 2 X
A=|1 3 4|, X=|y|, B= :
3 2 -1 z -1

Harinem matpuny Al
Onpenenutenb MaTpUilbl A yKe BBIYUCICH (CM. IpuMep 4): ‘A‘ =29.

Brraucnum anredpandeckue T0MOTHEHNUS .

o S M=y 4o nfy e
2 -1 2 -1 3 4
1 4 2 2 2 2
A, = _‘3 _1‘ =13, Ay, = ‘3 _1‘ =-8, A, = _‘1 4‘ =—6,
A= ‘1 3‘ __7 A = _‘2 5‘ 11 A= ‘2 5‘ _
3 2 3 2 1 3
-11 9 14

[Tomydaem A_1=2i- 13 -8 6.
-7 11 1
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-11 9 14 1 -11+54-14 29

X:A_l-B:i- 13 -8 6|6 :i- 13-48+6 =i- -29

29 2
-7 11 1 )(-1 —7+66-1 58

OtBet: Xx=1, y=-1, z=2.

3agaya Ne 1. Jlanbl MaTpHILBI

1.1

1.2

1.3

1.4

1.5

3agayu K/I3 Nel
A,B,C.
Brerancinte: 3A+B, A-B, B-A, C-B.
1 -4 2 3 1 -14
2 3 4
=2 3 1|, B=l1 2 3 |, C= .
2 1 2
4 7 1 -4 7
2 3 1 3 2 -1
A=|3 1 4| B:132,C:(32_1j
1 0 5
2 1 -1 2 1 -1
2 1 5 3 -1 4
2 4 9
A=|-4 3 -4| B=(-4 -2 1|, C= )
1 01
1 -1 4 2 1 O
-2 1 1 -2 2
1 -3 4
A=l 1 ., B=[0 1 , C= )
1 1 1
-7 -4 5 4 -7 -4
1 0 -1
5 6 -1
A= 2|, B=|1 3 -4| C=
1 1 2
-4 1 0 2 1

1.6
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REERY
J’c:(

-

1
-1

—4 3
_2

2
1
0

|

3apaua Ne 2. Beraucnuth onpeenuTens 4eTBEpTOTO TOpPsIKa.

A=

1.23

2y

0

2 -3
0
1 5

1
4 3
1

0 2 -1
A=|-3 1 6
1 2 4

1.24

-1 -4 0

1

1

4 0

0

-2 0 1

4

-2 4 1

0

2
1

3
-1

6 -1 5 0
1 -2 1 2
-1 0 21

2 0 0 1

-2 2 1 4

-1 0

-2

1

-1 -4 0

3

-1 40

-3 1 2

-1 0 11
0

2
S)

-2 0 1

1 -4 0

5

—2

2 1 0

2
0

—1

0 1

-1 1 2

-1 2 0 2

8 2 0 2
0 710

2 0 31

-2 3 1

1

1 0 01

2.2
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-3 1 2 0

2 31 2

-1 011

2 01
31 80
1 1 3 0

1

-2 1 4

0

0

-1

6 0

-2 0 1
2 4

1

0

-5

-1 3 0

0

0

-1 2

1 0

2.23

0

-3

3 2

-2 5 4

2

0

4

4 1

1 1
1

-1 0

0 6 O

2.15

-1 -4 0

3

1

2 0 0

3

-2 2 1 4

1 -4 0

0

-1 0 1

2

-3

1

0 2

2.8

Kpamepa u mnpoBeputh OTBET

3agaya Ne 3. Pemmth cuCTEMy METOIOM

rpaduuecku.

™
© I MmO T ™~
T T
N > > > >
T N T A SN S CH S Y
< | L 0t 0 0+ 0+
M X X o X X x X x X x X
< < N Y b N b o ™
) Y Y Y
™ < Lo © N~ 0
~ i ~— ~— ~— —
e e () () () ™
— o ©
N N T - R T
I I T I
I > 1y s > >
> > > N o ™ >
Nn > oo N F > oo N + F 4+ O
+ Y + 0 T + 4+ < ;o x |
x | x X x +t x x & I N x
N X N Y & o x N _ I <
— N ™ < L0 ©
e e ™ ™ ™ ™



17

—-2X+3y=7 —2X+5y=2
3.7 3.19

4y+x=-4 4% +3y =12

-X+5y=9 -X-2y=3
3.8 y 3.20 x— ey

y+3x=-1 4x+3y =10

X+3y=5 2x-5y =10
3.9 y 3.21 x>y

2X—4y=-2 3x+4y=15

X+3y=10 5X+2y=5
3.10 3.22

-3x+2y=4 2x—-3y =6

6X+2y=-5 5x -3y =15
3.11 3.23

4x -2y =17 3Xx+2y=9

5x-2y=4 7x-2y=1
3 J 3.24 x—ey

3Xx+3y=5 2x+3y=5

3apaua Ne 4. Pemuth cucteMy JTMHEWHBIX YPaBHEHUN TPEMsI METOJIAMU
1) metomom Kpamepa, 2) meromom ["aycca, 3) mpu momom oOpaTHOM
MaTpHIIbI.

X+2y+3z=1 3X+4y+2z=1
4.142x-3y+22=9 4,137 2x—-y—-32=5
5x+8y—-z=7 X+5y+2z=0
2X+y—2=2 X+3y—-6z=12
4.2{3X+2y+22=-2 4.14<3x+2y+52=-10
X+y-2z=1 2X+5y—-32=06
(X+2y+3z=5 X+y-z=1
434 2x-y—-z=1 4.15<8x+3y—-62=2
(X+3y+4z=6 | 4X+y—-3z=3
[ X+2y-2=2 3x+4y+22=8
442X -3y +22=2 4.162x-y—-3z=-4
| 3X+y+2z=38 | X+5y+2z=0
X-2y+3z=4 2X+y+3z=11
45 2x+3y-z=1 4,171 3X+2y+2=5

6x+3y—-4z=2

X+y+2=3
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2X—-y—-2=4 X+2y—-4z7=-3
46:3x+4y-2z=11 4,184 2x+y+2z=4
3X-2y+4z=11 4Xx+2y—-52=-1
3X—-2y—-z=5 X—4y—-2z2=3
A7 X+3y+22=-2 419 3x+2y-z=1
5X-2y+2z=7 X+7y+z=-7
(2Xx+4y—-2=8 (X+y—-2z=-2
48ix-3y+2z=-1 4.2093Xx+2y+2=5
(14X +3y—-22=6 7X+y+6z=8
X+y+2z=-1 [ Xx+y+z=3
494X+ y+4z7=-2 42142x+y+3z=11
15x+7y—z=21 4x +3y+22=8
X+y-z=0 X+2y+4z=31
4.10<3x+2y+2=5 4.22:5X+y+22=29
(4X—y+52=3 3X-y+z=10
(x+2y—4z=-1 X—4y—27=-3
4,115 2X+y+2z=5 4237 3X+y+z2=5
| Ax+y-4z=1 3Xx-5y-6z2=-9
[ Bx-y-z=0 X+2y+2=8
4124 x+2y+3z2=14 4.24:3x+2y+2=10
|4x+3y+2z=16 4x+3y—-27=4
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2. OcHOBHBIE CBe/IeHNsI U3 TEOPUH U NIPUMeEPHI pellieHus 3a1a4
no temam KJ/I3 Ne2

2.1. BekTopHasi ajredopa u aHaJMTHYeCKAsl TeoMeTpust

Jns Touex A u B ¢ xoopounatamu A(A;A;A), B(B,;B,;B,) xoopauHats
BEKTOpa AB' BBIUHCIISIIOTCS IO dbopmye
AB= B —A;B,—A;B -A .
PaccmoTrpum BekTOphl 4, 5 u C c KoopauHaTamMH & = a,;a,a, ,
b= b;bsb, , ¢= c;c e,

Inuna eekmopa d 0603HavyaeTcs uyepes | a | u Beraucisercs mo Gopmyiie

|é|=\/af+a§+af.

Ckansipnoe npouseedenue BEKTOPOB d U b — 3TO YHCIO, KOTOPOE
o6o3nauaercs yepes (a,b), d-b wim @b u Berancnsercs no popmyse
(@,b)=ab, + ayby +a,b,.
Bexmopnoe npoussedenue BektopoB d& u b— 510 BekTOp, KOTOPBI

o6o3nayaercs yepes [a,0] i @xD u Beruncasercs no Gpopmye

-
—

i ok
[a,b]=|a, &, &
b, b, b

e 1, j, K — enunuunbe BEKTOpBI, HampasiicHHble o ocsm OX, Oy, Oz
COOTBETCTBEHHO.
Cmewannoe npousgeoenue  BEKTOPOB 4, bu € — sr0 unco, KOTOpOE
0003HaYaeTCs Yepes d-b-Cum abC u BeMmMCAETCS TIO bopmyie
a, a, a,
d-b-c=|b, b, Db,
¢, ¢ C,

Kocunyc yena Mexny Bektopamu d u D o6osmauaercs C€0S.Z(d,b) u

BBIYHCIISIETCS 110 (hopmyTie
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ITnowaowe napannenozpamvma, oO6pPa30BaHHOrO BEKTOPaMH a M D, 4HMCIEHHO
paBHa MOJYJIO BEKTOPHOTO IPOHM3BEACHHS THX BEKTOPOB, a ILIOIIA]Ih
TPEYToJIbHUKA paBHA IMOJIOBUHE IJIOIIAIU MapajliejorpaMmma.

Obvem napannenenuneda, 00Opa3oBaHHOTO BeKTopamMu d, D u C, YuCIEHHO
PaBEH MOJYIIO CMEIIAHHOTO MPOU3BEIACHUS ITHX BEKTOPOB, & 0O0BEM TPEYTOJIBHOM

1
nupamMubl (TeTpasapa) paBeH 5 o0beMa mapaJienenumnesa.

Kanonuuecxkue ypasnenus npsamou, npoxopnsmen yepe3 touku A u B ¢
xoopaunatamu A(A; A A), B(B;B,;B,), 3anuceiBatorcs B Busie

X=A _Y-A _2-A

a a a

X y z

rjae Bektop d = a,;8,;8, = AB - HaAIPAaBIAIOMNN BeKTOp mpsimoii AB .
Vpasuenue nnockocmu, npoxoxsiiei yepe3 Touku A, B, C, 3amuceiBaercs B
BUIE
Ax+By+Cz+ D=0,
rae uncna A, B, C — KOOpAMHATHI BeKTOpa N = [E,E], a unciao D Haxomures

MOJICTAHOBKOM KOOpJIMHAT TOYKU A B ypaBHEHHE IJIOCKOCTH. BekTop N = [AB, AC]

Ha3bIBACTCA HOPMAJIbHBIM BCKTOPOM IINIOCKOCTH,; OH HaIIPaBJICH IICPIICHAUKYJIAPHO
IIJTIOCKOCTH.

IMpumep 1. Jlausr koopauHatel Touek A(3;,-5;4), B(2;,-L1), C(—4;3;6) . Haiitu:
1) nnmuny BekTOpa AB;

2) CKaJsIpHOE TIPOU3BEACHUE BEKTOPOB AB u AC;

3) BEKTOPHOE MTPOU3BE/ICHUE BEKTOPOB AB u AC;

4) KOCUHYC yriia MEXKJly BEKTOpaMH1 AB u AC;
5) kaHOHWYECKHE ypaBHEHUS npsiMoil AB;
6) ypaBuenue miockoctu ABC.

Pewienue. 1) CHauana HaXOqUM KOOpPJUHATHI BEKTOPA AB.

AB= 2-3-1-(-5);1-4 = -1,4;,-3 .
Teneps HaxX0AMM JUITMHY BEKTOpa AB.

| AB = \/(-1)? + 42 + (-3)? =/1+16+9 =+/26.

2) Haxoaum KoOpAMHATHI BEKTOpa AC .

AC= —4-33-(-5);6-4 = 78,2 .
BbIUHCIISIEM CKaISPHOE POM3BEICHIE BeKTopoB AB n AC.

(AB,AC)=-1-(-7)+4-8+(-3)-2=33.
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3) Beruncisiem BekTopHOe npousBeaeHune BekropoB AB u AC .

-

"
[E,A—C}:—l 4 -3 =
7 8 2

=7-4.24+7-(=3)-(-7)+k-(-1)-8=K-4-(-7)= j- (1) -2—i - (-3)-8=

=8i +21] -8k +28k + 2] +24i =32i +23] +20k = 32;23;20 .
4) JI;st Hax0KJICHUST KOCUHYCca yTrila MEXIY BEKTOpaMHU AB 1 AC BbIYnCIHM JIAHY
BCKTOpa E .

|AC |=\(-7)2 +82+ 22 = /49 + 64 + 4 = 117,

Teneps HaxoAUM TpeOyEeMbIid KOCUHYC.

cos Z(AB,AC) = (AB,AC) _ 33
|AB|-|AC| +/26-\117
33 311 11

- V2-13-49-13 {2-413-3-413 132’
5) B nepBom nyHKTE OBLT HAWIEH HAITPABJISIONIUMN BEeKTOp mpsiMoit AB . 3amucbiBaeM
KaHOHUYECKHUE YPABHECHUS MPSIMOM.

X-3 y+5 z-4

-1 4 3
6) B TperhemM mnyHkTe ObUT HaWaeH HOpPMaJbHBIM BekTOp TwIockoctu ABC.
VYpaBHEHHEe IUIOCKOCTH 3amuiuercss B Bume 32X+ 23y +20z+D=0. Ilrockocts

npoxoaut depe3 Touky A. s Haxoxnaenus uyucia D mopcTaBuM KOOpIWHATHI
TOYKH A B HaliJICHHOE YpaBHEHHE IJIOCKOCTH.

32.3+23-(-5)+20-4+D=0 = D=-61.
OxoHuYaTeapHO MOTydyaeM UCKoMoe ypaBHeHue: 32X+ 23y +20z-61=0.

Mpumep 2. Haiitu mny Bextopa P+ 2§, ecmm p=d—b, p=a+2b, la|=1,
- e 2
\b\ =3, £(4,b) = ?”

Pewenue. Kak W3BECTHO, MOIyJIb BEKTOpa pPAaBEH KOPHIO KBaJIPATHOMY W3

CKaJIIPHOTO KBaJipaTa 3TOT0 BEKTOpa | p+2q | = «/ Pp+2q 2
HaxomuMm ckasipHbliil kKBagpat P+ 2( ? = (a—-b+2a+4b)* =(3d+3b)* =
—9(a® +2ab+b?) = 9(1+2.3-cos%”+9) = 63.

p+2d|= J63=37. Omser: 347.

CraenoBaTteibHO,
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IIpumep 3. Haiitu BekTop X, KONIUHEapHbI BekTopy da= 2,1,-2 U
YJIOBJICTBOPSIONINI YCIOBHIO: CKasIpHOE ITpom3BeacHue (X,a) = 27.

Pewenue. B crity KOJUIMHEAPHOCTH BEKTOP X MOXHO MPEACTaBUTh B BUIE X = A -4,
rae A — Mmoka HeM3BECTHBIM MHOKHUTENb. [ ero onpeeaeH s HCIO0ab3yeM BTOPOM
nyHkT ycnosust (X,8)=A-a°=A(4+1+4)=91=27.

Orcroma momydaem A=3 m  X=3a= 6,3,-6 .

OtBet: X= 6,3,-6 .

IIpumep 4. BpiunuciuTh KOCHMHYC yria MEXIy IHAaroHAISIMH Iapajuiesorpamma,

—

IIOCTPOEHHOTO Ha Bektopax P=2d+b-C mw (G=d-3b+C, rme 4,b,C—
€IMHUYHBIC B3aMMHO TEPIICHINKYISIPHBIC BEKTOPHI.
Pewenue. V3BecTHO, YTO AMATOHATN TapajyieJOrpaMMa MOKHO HAUTH KaKk CyMMY U
pPa3HOCTh CTOPOH

d=p+G=3a-2b+0c, d,=p-G=a+4b-2cC.
Tak kak Bektopbl &, D, C npeacTaBiasOT CcOOOM E€IMHUYHBIE B3AUMHO
NEPIEHIUKYISIPHBIE BEKTOPA, TO HX MOKHO CUMTATh KOOPJIMHATHBIM 0a3HcOM, TOTAa
JUTSL HAXOXKJIeHHS TpeOyeMOoro yriia BOCIoJib3yeMcs popMyioit
(d,d,) 3:1+(-2)-4+0-(-2) -5 -5

cosZ(d,,d,) =227 - = - _
(d,,,) |d, |-]d,| 9+4-J1+16+4 13.21 /273

-5

J273°

OrtBerT:

Mpumep 5. Onpenenuts, nexat au Touku A(l, 2, 3); B(0, 5,5); C(3, -1, -1);
D (-2, 14, 9) B 0HO¥ IIIOCKOCTH.

Pewenue. PaccMOTpuM TpH  BEKTOpa AB = -13,2 , AC= 2,-3-4 u
AD = -3,12,6 . Ecimu Touku A, B,C, D 7nexaT B 0JHOH IUIOCKOCTH, TO BEKTOPHI

AB, AC, u AD komruianapHsl. /{151 npoBepKH BHIYUCIUM CMEIIAHHOE
MPOU3BEJEHUE ITUX BEKTOPOB:

1 3 2
AB-AC-AD=|2 -3 -4|=18+36+48-18-36-48=0.
3 12 6

CremoBaTelIbHO, BEKTOPBI KOMILJIAHAPHBI M TOUKH JICKAT B OJTHOM IJTIOCKOCTH.
OtBet: Touku A, B, C, D nexar B 0qHOH IIIOCKOCTH.
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Ipumep 6. Haiitu nnuny BeicoTsl mupamuibl ABCD , onyiieHHyto U3 BepuiuHbl D,
ecmu A(4,5, 2), B(-1,11,-6), C(2,-1,3)u D (1,6, 3).

Pewenue. JInmina BEICOTHI paBHA pacCTOSIHUIO OT BepmnHbl D 1o mmockoct ABC.
CocraBuMm ypaBHeHue 1iockoctd ABC, BOCHOJIB30BaBUIMCh YpaBHEHHEM
IJIOCKOCTH, MTPOXO/SIIEH Yepe3 TPU TOUKH:

X=X, Y=Y, -1,
=% Yi—Y 24—1%|=0.
=% Yo=Y 24,71

x-4 y-5 1z-2 Xx-4 y-5 7-2
[Tomygaem |-1-4 11-5 -6-2|=0, -5 6 -8 |=0,
2-4 -1-5 3-2 -2 —6 1
6 -8 -5 -8 -5 6
X—4 . - y-5- +z2-2 - =0,
-6 1 -2 1 -2 —6

—42 x—4 +21 y-5 +42 z1-2 =0=> 2x-y-22+1=0.
Haxomum tereps paccrosiHue oT Touku D g0 mmockoctu ABC :

_1-16-2341 o |

Ja+1+4 3

Otser: h=3.

2.2. KommiexkcHbIe 4YucIa U AeHCTBUA HAX HUMH
Anzebpauueckasn popma KOMNIEKCHO20 YUCIA

Komnnexcnoim uuciom (B anredpanueckoid (hopme) Has3bIBA€TCS BbIpaKEHHUE
BUJIA

Z=X+ly,
rae X u Y — JCUCTBUTEIIbHBIE YHCIIA, | — Tak Ha3bIBacMas MHHMas EIVHULA,
omnpeacisieMas paBCHCTBOM

X Ha3bpIBaeTCs JCUCTBUTEIIBHOM 4YacTblo, Y MHHUMOM 4acThio uyucina Z. Hx
0003HAYAIOT TaK:
X=Rez, y=Imz.
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Ecimu x=0, 10 uncno O+iy =1y HaseiBaercs urcto MHMMBIM; ecau Y =0, T0
ITOJIY4YaeTCsl JEUCTBUTEIBHOE YUCI0 X + 10 = X.

JIBa KOMIUIEKCHBIX 4ncna z, =X, +1y, u Z, =X, + 1y, Ha3bIBAIOTC PAGHbIMU,

€CJIM paBHBI UX JIEUCTBUTENbHBIE 1 MHUMBIE YACTH COOTBETCTBEHHO, TO €CTh
L=, >XK=%5%1 Y =Y,

Haxg  KOMIUIGKCHBIMH ~ 4YHMCIAaMH  MOXXHO  NPOM3BOAUTH  Pa3INYHBIC
apudmernyeckue u anreOpamydeckue ACUCTBUA, a TaKXkKe ACHCTBHE COIPSDKCHHUSA,
KOTOPOE€ M3MEHSET 3HaK MHUMOM YacTH.

KoMmriekcHoe Ynciio Z = X — 1y Ha3bIBACTCS CONPANCEHHbIM KOMIUIEKCHOMY YHCITY
Z =X+1iy. OrmeTum, uTo Z = Z.

CrnoxeHue, BRIYUTaHUE, YMHOKEHUE U JISIICHUE HAJl KOMIJICKCHBIMU YHCIIaAMH,
3alMCaHHBIMU B airedOpanyeckoit popme, onpeaesstoTcs: CASAYIOIMM 00pa3oMm.

ITycTs naHbl 1Ba KOMIUIEKCHBIX Yucaa Z, = X, +1Y;, Z, =X, +1Y,.

CyMmoti KOMITJIEKCHBIX YUCET Z, 1 7, Ha3bIBACTCS KOMILJICKCHOE YHCIIO
Z,+2Z, =X +X)+i(y, +V,).
Pasnocmuvio KOMIIEKCHBIX YHCEN z, U Z, HA3BIBAETCSI KOMIUIEKCHOE YMCIIO
Z,—1,= (X1 _Xz) + I(yl - yz)-
IIpoussedenuem KOMILJIEKCHBIX YNCEN Z, U Z, HA3bIBAETCS KOMILIEKCHOE YUCIIO
Z,-1,= (X1X2 - y1y2) + '(X1y2 + X2y1)'
Yacmnbim KOMIUIEKCHBIX YACEN Z, 1 7, HA3bIBAETCS KOMIUIEKCHOE YHUCIIO
i — XX + V1Y, i NN XY,
2 2 2 2
Z, X5 +Y, X tY,
JIBe mocnennue (opmyJibl 3allOMUHATh HET HEOOXOAUMOCTH, TaK KaK YMHOXKCHUE
KOMIUJIEKCHBIX YHCEJI MPOU3BOAUTCA IO MPAaBUIIy YMHOXKEHHUS JIBYYICHOB C yYETOM

.
paBeHcTBa 1° =—1; a menmenue — myTeM JOMHOKCHHS YHCIUTEIS M 3HAMEHATEIs Ha
Z, ¥ JalbHENNX MpeoOpa3oBaHU.

Hpumep 7. lano 2, =-2+3i u z, =4+5i.

Beraucnars 2, +2,, 2,-12,, Z,-7,, i, yKa3aTh JCUCTBUTEIIbHBIE U MHUMBIE YaCTH
Z,
l
qyncen 2, —Z, u Z

Pewenue. BeIIOIHUM TENCTBUS:
2,+72,=(-2+4)+1(3+5)=2+8i,
Z,—-1,= (-2-4)+i(3-5)=-6-2i,



25

2,-7,=(—2+3i)(4+5i) =—8+12i —10i —15 =23 + 2i,
7 _-2+3i _(2+3)(4-5) _7+22i _7 .22

z, A4+5i (4+5)(4-5)) 41 41 41
VYKaxeM NelCTBUTEIbHEIE I MHUMBIE YaCTH:

Z 7 z, 22

Re(z, —z,) = -6, ReL=—, Im(z, - z2,)=-2, Im=t=—.

( 1 2) 22 41 ( 1 2) 22 41

IIpumep 8. Jlokaszats paBeHCTBO Z+7Z =2Rez.
Hoxazamenvcmeo. Ilycth Z=X+1y, Torna Rez=x, Z=x-1ly.

[ToaTomy
Z+Z=X+1ly+x—ly=2x=2Rez.
PaBencTBO n10KazaHo.

Komnnekcunasn niockocme

KommiekcHoe uncio Z = X + 1y uzobpaxkaercs Ha mockoctd XOY Toukoii M

C KOOpAHMHaTaMH (X, y) J100 BEKTOPOM, HAuajl0 KOTOPOTO HAXOAUTCS B TOUKE

0(0,0), a xomen B Touke M (X,y). IIOCKOCTH, TOYKH KOTOPO H300paKaroT

KOMIIJIICKCHBIC YHCJIia, 6yI[CM Ha3BIBATh KOMNJIEKCHOU NI0CKOCMbIO.

["'eomMeTprUeCKU CIIOKEHUE U BBIYMTAHUE YUCENl Z, U Z, TPOM3BOJUTCS IO IIPABUITY

CIIOXKEHMSI M BBIYMTAaHHS BeKTOpoB. OTCIOma clemyer, 9To MOAYIb |Z —Z, | paBeH

PACCTOSIHUIO MEXYy TOYKaMHU Z, U Z,, @ YpaBHCHHUEC | Z—1, |: R 3amaer oKpyKHOCTB

paauyca R c neHTpom B TOuke Z,.

IIpumep 9. Jlath reoMeTpUuECcKOE ONMHCAHUE MHOXKECTBA TOYEK KOMILIEKCHOMN

INIOCKOCTH, YAOBJICTBOPAOIHNX CICAYIOIIUM HCPABCHCTBAM:

1) |Imz|<l, O<Rez<l

2) |z-1-2i|< 2
3) 1<|z+2+1|<3;
4) |z—i|>1.
Otser: 1) nmpsMOYroibHUK ¢ BepmiMHaMu B Toukax 1, 141, 1—i, —1 (cTopoHsl

HE BKJIIOYAIOTCA);

2) KpyT paguycom 2 ¢ IICHTPOM B TOUKe Z =1+ 2i (OKPYKHOCTh BKITIOYAETCH);
3) KOJBIIO MEXKIY OKPYKHOCTIMHU PaguycoB 1 ¥ 3 ¢ OOLIMM IIEHTPOM B TOYKE

Z =—2—1 (OKpPYKHOCTH HE BKIIFOUAIOTCS);

4) BCs TUTOCKOCTh, M3 KOTOPO# yaajlieH Kpyr paauyca | ¢ meHTpoM B Touke Z =

BMECTC C €I'0 OKPY>KHOCTBIO.
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Tpuzonomempuuecxa}z ¢0pM(l KOMNJIEKCHO20 Hucjia

Mooyrem KOMIUIEKCHOTO uuciaa Z = X+1Y Ha3bIBaeTCs YUCIO, KOTOPOE
o0o3HavaeTcs | Z | v Berumcisiercs: mo popmysie

2 2
2| = /x> + 2.
Monyib sIBJISE€TCS JACHCTBUTEIBLHBIM HEOTPHIATSIIBHBIM YHCIOM, TO ecTh |Z[>0.

[eometpuuecku |Z| — 3to mmmHa Bektopa OM Ha KOMIUICKCHOH IUIOCKOCTH.
PaBenctBo |z|=0 BbeImONHSAETCS TOTrAa M TOJBKO Tornaa, korma X=0 um y=0

OJTHOBPEMEHHO.
Yron ¢ Mexay NOJOXKWTEIbHBIM HampasieHueM ocu OX U BEKTOpOM Z

Ha3bIBaeTCs apeymenmom Z M obo3HauyaeTcst Argz. OH ompeneneH He OJTHO3HAYHO,
a C TOYHOCTBIO JIO CJIAraeMoro, KpaTHOTO 27 . ENMHCTBEHHOE 3HAYEHNE apryMEHTa,
YAOBJIETBOPSIONIEE YCIOBUIO —7 <@ <7, Ha3bIBACTCA 2IA6HbIM 3HAYEHUEeM
aprymenTa u obo3Haudaercsi argz . MiMeer MecTo paBeHCTBO

Argz=argz+2zk, keZ.
Jns z =0 noHsATHE apryMEHTa HE ONPEIEIICHO.
['maBHOE 3HaUEHUE apryMeHTa onpeaensercs GopMyoin:

arctg X, anee x>0,
X
arctgl+7r, anee x<0, y=0,
X
gozargz=<arctgl—7z, anee x<0, y<o,
X
T 0 mur y
> anée x=0, y>0,
T 0 mer n
_E’ anée x=0, y<O0.

[Tonb3ysick A3TUMH  TIOHATHUSAMH, KOMIUIGKCHOE YHCIO MOXHO 3allicaTh B
TPUTOHOMETpHUUECKOU (hopme:
z=|z|(cose+ising).

IMpumep 10. 3amucats uncio Z=—-8— i8\/3 B TPUTOHOMETPHUUECKOH (hopme.
Pewenue. BrraucnseMm MOIylb U apTyMEHT 4nciia Z.

12]=+/X° +y? =/(-8) + (-8/3)* =16.

Tak kak X =-8<0, y=—8\/§<0, TO yToJl ¢ = arctg

y

——ﬂ'=arCtg\/§—ﬂ'=—g7Z.
X 3
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. 2 L2
CnenoBatenbHo, Z=|z]|(COS¢@ +ising) :16(cos(—§7r) + |S|n(—§7r)).

OtserT: 2 =16(cos(—§7z) 4 isin(—%rz)).

KomrutekcHble 49Hclia, TPEICTaBICHHBIE B TPUTOHOMETpHYEcKon (opme,
yIOOHO YMHOXAaTh, I€JIUTh, BO3BOJIUTH B CTEIICHh U U3BIIEKATh U3 HUX KOPHHU. XOTS
YMHOKCHHE, JIeJICHUE, BO3BEICHHE BO BTOPYIO WM TPETHIO CTENEHb HECIO0KHO
CIeNaTh U JJIA Yhcel B alredpandeckor hopme, Harmpumep,

(2+31)*=4+12i +9i1* =4 +12i —9 =-5+12i
nJIn
(1—i)* =1—-3i +3i* —i® =1-3i +3(<1) =i -i =1—3i —=3+i =—2 2,
HO BBIUMCINT B anreOpamdeckoil  dopme, Hampumep, (2+2+/30)° kpaitue

3aTPYAHUTCIIBHO.
HYCTB JaHbl IBa KOMIIJIICKCHBIX 4YHCJa, 3allMCAHHBIC B TpHFOHOMGTpH‘—ICCKOﬁ
dhopme
z, =r,(cosg, +ising,), z, =r,(cose, +ising,).
Torna
2=12,-2,=|7,|-|2,|(cose, +ising,)-(cose, +ising,) =

=1,-1,(Cos¢, -cosg, —sin @, sinp,) +1(CoS¢, -Sin @, +Sing, -COS@,) =
=1, -1,(Cos(p, + ¢,) +isin(ep; +¢,)),

TO €CTh MPU YMHOKEHHUH JIBYX YHCE B TPUTOHOMETPUYECKON hOpMe UX MOTYIIH
MIEPEMHOKAIOTCS, & APTYMEHTBI CKJIaIbIBAIOTCS.
AHAJIOTUYHO MOJTy4aeM

2 =21 =2 (cos(g, - 9,) +isin(p, — ),

ZZ r-2

TO €CTh MpHU JCJICHUU JBYX YHCE] B TPUTOHOMETPUUYECKOU (opMe HX MOIYIH
JEJIATCS, @ APTYMEHTHI BBIYUTAIOTCHL.

Jlnst gucen, TPENCTaBICHHBIX B TPUTOHOMETpUYECKOW (opme, omepanuu
YMHOXEHHUSI U JICJICHUS] MPUOOPETAIOT HATJISAHBIA T€OMETPUUECKUM CMBICT — 3TO
pacTsbkeHMe (C)KaThe) BEKTOPOB W MX TOBOPOT BOKPYT Hayajga KOOpJWHAT Ha
mrockoctu XOY .

N3 npaBuna ymHOXKeHUA clieayeT opMylia BO3BEICHUS B CTETICHb

z" =| z|" (cos(ng) +isin(ne)).
Ota popmyna Ha3sIBaeTcsa gopmynot Myaspa.

Onepanysg U3BICYEHHS KOPHS CTENEHHM N U3 KOMIUIEKCHOIO 4MCia
ompenenseTcss Kak oOpaTHas K oOmepalid BO3BEICHHUS B CTENEHb, a HMEHHO,
KOMIUIEKCHOE YHCJIO Z Ha3bIBACTCsl KOpHem cmenenu N u3 yuciaa W U 0003HaYaeTcs
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Yw=1z, ecu z"=w. Kopenp N-if cremenu u3 umcia W (W=#0) wumeer n

Pa3IMYHBIX 3HAYEHUHN, KOTOpPbIE HAXOAATCS 10 popmylie

2= = ] o ZLELK O E2k )

n
k=0,12,.., n-1.

rae yepe3 {/| W| o6o3HaueHo aprudMeTHUECKOE 3HAUCHUE KOPHSL.

Mpumep 11. Haiiti Bce 3HaUCHMS Y —8 — i84/3.

Pewenue. BocrmonbzyeMcsi TpUTOHOMETPUYECKOM (POpMOM KOMIUJIEKCHOTO YHCIIa

—8—1i8+/3, Haiinennoii B npumepe 10, 1 BEIaucInm

4/_8— i8J§ = i/lG(cos(—%;z+ 27zkj+ isin(—%z + Zﬂkj] -

—gﬁ+27zk —27r+27rk
= 2| cos ST +isin 3T (k=0,12,3).

[Tonoxxum mocnenoBarenbHo k=0, 1, 2, 3. byaem umeTs:

ol 5ol

z, =2| cos %j+ isin(%)}:ﬂ i\/3,

Z, =2| COS 5—”j+isin[5—”j =—3 +1,
6 6
z, =2| COS 4?7[)+isin£4?”]] ~1-i4/3.

OrtBerT: yKasaHHbIE BLIIE Z;, Z,, Zg, Z,.

Hokazamenvnasn d)opma KOMRNJIEKCHO20 Hucjia

Onpenenum €7, e i =v—1, @ € R crenyromeit hopmynoii
e’ =cosp+ising

Ota dhopmyna HazbiBaeTcsa ghopmynon Dinepa. Torna m000€ KOMIUIEKCHOE YUCIO Z
MOKHO TIPEACTaBUTH B TaK Ha3bIBAEMOU nOKA3AMeENbHOU (opme
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z=r-e%,
rae - MoayJjib KOMIIJICKCHOI'O YncCjla Z, a (@ - apryMCHT KOMIUICKCHOTO 4YuCjia Z

[Ipy yMHOXEHHH U JIeNIEHUU MOKa3aTeIbHbIX QYHKIUNA AEHUCTBYIOT U3BECTHBIC

CIIC CO MIKOJIBI IIpaBHJIA:
a

@D

a+b a-b

e’ =",  —=e
€

I105TOMY /ISl KOMILIEKCHBIX 4rcel Z, = [€” u  Z, = ,e'” yMHOXCHNME 1 JeTeH e

BBITIOJTHSIFOTCS CJICAYIOIIAM 00pa3oM:

4 _h dieee

_ i(p+9,)
Z-7Z,=I"I,-¢€ 2
Z, I

(B mocneHeM ciydae Z, #0).

13 .
Ipumep 12. IIpencrasuts uncio (1—1)° B mokasarensHol GopMme.
Pewenue. Berauciamm MOIyJIb U apryMEHT yucia Z =1—1:

|z|=V12+12 =/2; argz=arctg(-1) :—%.

. i 3 -

B noka3zarensHoil popme Z = \/Ee *, CIIeHOBaTEIbHO 7™ = 2\/56
_3xzj

Orser: 2°=22e %',

3z
o

2.3. Adaredpaunyeckue CTPYKTYPbl: FPYNIIbI, KOJbIA U MOJIs
Onpeoenenusn

[IycTh nmaHo TpPOM3BOJILHOE MHOXECTBO X . bunaphoii onepayueii Ha X
Ha3bpIBaeTcs oToOpakeHme * . X x X — X Takoe, 4To JIF0OOM ymopsiIoueHHON Tape
(a,b)e X x X cTaBUTCSI B COOTBETCTBHE OJHO3HAYHO OMPEIACIICHHBIA 3JIEMEHT

a*b e X. MHorma roBopst, YT0 MHOXKECTBO X 3AMKHYNO OMHOCUMETbHO ONEPayuu *
€Clii €€ MNPUMEHEHHE HE BBIBOJUT 3a €ro mpeAeibl. B Hamem OIpeleneHuu 3TO
MOJTy4aeTcsi caMo COOOM, HO TEPMUH TOJIE3HBIN, U MTPHU PEIICHUH 3a]1a4 TPUTOTUTCS.
[Ipumepamu OWHAPHBIX OMEpAIM  SBISIOTCS OMNEPAIMHM  CIOXEHUS U
YMHOXEHHSI B YHUCJIOBBIX MHOXECTBax, omepaluu (\ U U B MHOXECTBE
MOAMHOKECTB ITAHHOTO MHO>KECTBA, U T..
bunapnas oneparus * Ha3bIBAETCA accoyuamugHoll, eclin

a*b *xc=a* b*C u xommymamuenou, ecnu a*b=Db*a npu Bcex a,b u C,
npuHaIIeKammx X.

OneMeHT €€ X Ha3bIBaCTC eOdunuunbiM (HEUTPaIbHBIM) OTHOCHTEIBHO
OMHaApHOM omepaluu *, eciu €* X = X*€ =X 1npu Bcex X € X
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B accoumatuBHON anreOpandeckoil CTPYKType CYLIECTBYeT He Oosiee OIHOro
€JUHUYHOTO JJIEMEHTA.

I pynnou na3piBaetcs MHOXecTBO G ¢ 3a/1aHHOI HA HEM OMHAPHOM omneparuei
*, KOTOpas:

1) accounaTtuBHa,

2) UMeEeT €AMHUYHBIA 2JIEMEHT €,

9 -1 o
3) s kaxaoro g € G uMeeT oOpaTHBIH IeMEHT ( ~ TakKoid, 4To

-1 -1
g*g =09 *g==¢&
['pynina HaszweiBaeTcss xommymamuenou (UMW abenesoll), €CIM Olepalus *

KOMMYTAaTHUBHA, TO €CTh BLIIIOJHACTCS CBOMCTBO
4) axb=Db=a.

Ipumep 14.
1. MuoxecrtBa uncen Z, Q, R oTHocurenpHO omeparyu CIoKeHus "+ " SBIAIOTCS

KOMMYTaTUBHBIMU TpynnamMu. EJIUHUYHBIM = (HEUTpaJbHBIM) AJIEMEHTOM  IIO
cnoxennto Oymer 0. Omeparus Belumranus " — " — 3TO MPOCTO NpUOABICHHE
00paTHOTO 3JIEMEHTA.

2. MHOXeCTBO BCEX HEBBIPOKICHHBIX KBAJPATHBIX MaTpull Topsanka N Oyxaer
TPYIIION OTHOCHTEIILHO YMHOXEHHUS. EMUHUYHBIM d7eMEHTOM OyneT eaMHUYHAS

marpuna E.

MHokecTBO ¢ aByMs onepauusmu "+" u "-" Ha3pIBaeTCA KOABYOM, ECIU TIO
CJIO’KEHUIO OHO SIBJISIETCS KOMMYTAaTUBHOM T'PYIIION, TO €CTh BBIMOJIHSIOTCS CBOMCTBA
1) — 4) (enMHWYHBIA SJIEMEHT IO CIOKCHHIO oOo3Hauaercs () M BBHINOJIHCHBI
CIIeyIoIne CBOMCTBA 5) — 7):

5 a-b -c=a- b-C —accounaruBHOCTH 110 YMHOXEHHUIO,

6) cyliecTByeT eIMHUIIA TI0 YMHOXCHHIO (ee 0003HavaroT 1),
7) a+b -c=ac+bc; a- b+c =ab+ac — ymHoXkeHue U claOXKEHUE CBI3BIBAET

CBOMCTBO TUCTPUOYTHUBHOCTH.

Ecnu omepanusi yMHOKEHUS HMMEET €Ue M OOpaTHBIA 3JEMEHT ISl BCeX
aeMeHTOB, KpoMe () (Ha HOJIb IETTUTh HEJIb3s) U YMHOKEHNE KOMMYTAaTUBHO, TO 3TO
KOJIBIIO OyaeT nosiem. [IoBTOpUM IpyrumMu clioBamMH.

Ilonem na3piBaeTcsa anredpandeckasi CTPYKTypa, SBISIONIASCS KOMMYTaTHBHOM
IpyNIoN MO CI0KEHUIO, HEHYJIEBBIE AJIEMEHTHI KOTOPOW 00pa3yloT KOMMYTATHBHYIO
IPpyNIly IO YMHOXEHMIO. lIpydyemM yMHOXEHME M CIIOKEHUE CBS3aHbl 3aKOHOM
AUCTpUOYTUBHOCTH. TO €cTh, MOje — 3TO KOMMYTAaTHBHOE KOJBIO, B KOTOPOM
BO3MOKHO JI€JICHHE HA HEHYJIEBBIE DJIEMEHTHI.

N3 BexTOpHOW anreOpbl M3BECTHA €Ille OJHA alreOpanyeckas CTPYKTypa —
8eKMOpPHOE NPOCMPAHCME0 HAJl MHOKECTBOM (I0JeM) AeCTBUTENbHBIX yncen. Hax
IpOM3BONIBHBIM MoJieM K ompeseseHne BEKTOPHOTO MPOCTPAHCTBA aHAIOTHYHOE.
Bexmopnoe npocmpancmeéo uan mnoiem K- 3to MHOXectBo V¢ nByms



31

oncpanysMH. CJIOXCHHUEM DJJICMCHTOB M YMHOXXCHHUEM Ha 3JICMCHT M3 IIOJII K.
OnepauHH 9T AOJDKHBbI IIOAYHMHATHCA OOBIYHBIM aKCHOMaM acCoIMaTUBHOCTH,
KOMMYTAaTUBHOCTH U T.[.

Konwvuyo Z_ eéviuemog no modynio m

JIBa 1enbix yucna N u N, HA3bIBAKOTCS CPAGHUMBIMU NO Modyﬂ}o m meN |,

CCJIM IIpHU ACJICHUH Ha M OHHU TAIOT OJAMHAKOBBIC OCTATKH. Yucno M Ha3bIBaeTCs
MOAYJICM CPABHCHUA.

[Mumyr N=n mod m .

[lpu ¢ukcupoBaHHOM M MHOXECTBO Z MOXXHO TMPEICTABUTh B BHJIC
00BEIUHEHUST KJIACCOB YMCEJ, CPABHUMBIX MEXKIY COOOM MO MOAYIIO M, KOTOpHIE
Ha3bIBAIOTCS  Klaccamu evlyemos 1o Moxyimo M. Hampumep, uncina 2 u 7
CpaBHUMELI 110 MOJYJIIO 5 ¥ ABJISIOTCS NpcaACTaBUTCIEIMHU OJHOT'O KJIAaCCa BBIYCTOB IIO

Momyimo 5. O0O3HAYMB OCTATKM OT JEJIEHHE Ha 4ucio M depe3 K, momyunm

mHO)ectBo Z_ = 0,1 2,.., m—1, Ha KOTOPOM MOXHO OIPEACIUTH ONEPAIUH

"+"u """, mrorma Z_  mpeBpamaercs B KO.IbYO 6bl4emog IO MOIYI0 M.

KOJIBI_[O BBEIYETOB Z _ SBIISIETCS IIOJIEM TOTJIa U TOJILKO TOTrga, Korma M —

m
npoctoe yrcio. OTCroaa CIeAyeT, 4TO B CiIydae MPOCTOro M st Jr000T0 AJIeMeHTa

mHoxkectBa Z_ \ O cymecTByeT oOpaTHBIN 2JIEMEHT U T1000¢ JTHHEHHOE ypaBHEHUE

B 1one Z_ MMEeT €UHCTBEHHOE PEIICHUE.

IIpumep 15.
Pemmmts ypaBHeHUE X+7=28 Z,,.
Pewenue.
3x=-5 mod 11 .
Yuciio -5 NpUHAUIEKUT KIAcCy BBIUETOB, COCTOSIIEMY M3 YHCE BHIA
—5+11k, 88 keZ =-5. Monoxue k=1, nonyuum —5=6(mod 11) u nawe

YPaBHEHHE IPUMET BUT

3x =6 mod 11

Otkyna noinydaeM X = 2.
OtBet: X = 2.

3ameuanue. B npumepe 15 uuncno 11 sgBisieTcss mpPOCTHIM, CIEI0BATEILHO, JAHHOE
JIMHEMHOE YpPaBHECHHE HMEET EOUHCTBCHHOE peleHue. B cimywae ecimm M He
SBJISICTCSI TPOCTBIM YHCJIOM, TO JIMHEHWHOE ypaBHEHHE MOXET HMMETh HECKOJIBKO
PEIICHUI WK HEe UMETh PEIICHH BOOOIIIE.
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3agauu K/[3 Ne2

3apauya Ne 1. Jlanel koopaunatsl Touek A, B, C u D. Haiitu:

1) nuHy BekTOpa AB;

2) ckaJsipHOE POU3BEICHUE BEKTOPOB AB u AC;

3) BEKTOpHOE IPOU3BEICHUE BEKTOPOB AB u AC;

4) KOCHHYC yTja MEeX]y BEKTOpaMu AB u AC;

5) kKaHOHMYECKHE YpaBHEHUs NpsiMoii AB;

6) ypaBHenue miockoctu ABC;
7) momaas TpeyroibHuka ABC;
8) ooveM nupamuasl ABCD.

1.1
1.2
1.3
1.4
1.5
1.6
1.7
1.8
1.9
1.10
1.11
1.12
1.13
1.14
1.15
1.16
1.17
1.18
1.19
1.20
1.21
1.22
1.23
1.24

A2,1,4),
A(3,2,-7),
A(4,0,-1),
AQ2,-5.,4),
A(5,1,-4),
A(0,2,-1),
A(6,-1,3),
A(3,1,-4),
A(LL1,-1),
A(-2,-3,4),
A(2,2,-5),
A(4,0,-1),
A(2,-5,4),
A(-1,2,-3),
A(4,0,-1),
A(2,0,4),
A(5,1,-6),
A(1,0,-1),
A(2,-5,4),
A(0,2,-5),
A(7,0,-1),
A(0,-1,4),
A(-1,2,-7),
A(8,0,-3),

B(1,-2,7),
B(2,-1,0),
B(3,1,9),

B(1,-5,4),
B(3,-1,0),
B(3,1,9),

B(1,-2,0),
B(2,1,0),

B(3,1,5),

B(1,-1,4),
B(2,-4,1),
B(3.4,5),

B(1,-5,2),
B(3,-4,0),
B(3,2,9),

B(1,-5,4),
B(2,0,-9),
B(3,-1,2),
B(1,-3,7),
B(2,-1,0),
B(3,1,-5),
B(1,-1,5),
B(2,-1,6),
B(-7,1,9),

C(-3,1,2),
C(4,1,-2),
C(1,2,-3),
C(-3,1,1),
C(2,1,-6),
C(1,2,-3),
C(-1,4,1),
C(3,5,-2),
C(1,-2,0),
C(3.2,1),
C(4,2,-2),
C(1,2,-3),
C(-5,1,0),
C(4,1,-2),
C(1,1,-3),
C(-2,1,1),
C(4,1,-2),
C(1,8,-3),
C(-3,0,1),
C(4,1,-2),
C(1,1,-3),
C(-5,1,1),
C(2,1,-2),
C(4,2,-3),

D(3,0,5).
D(6,-4,-2).
D(2,-1,-3).
D(-4,0,5).
D(0,-4,3).
D(2,-1,-3).
D(3,0,5).
D(2,4,-1).
D(3,-1,-2).
D(-4,5,0).
D(0,-4,1).
D(2,-1,-3).
D(-3,2,4).
D(5,-2,1).
D(7,1,-3).
D(-2,2,5).
D(6,-4,1).
D(2,-1,-3).
D(-1,1,5).
D(3,-4,1).
D(2,-1,-3).
D(-2,0,9).
D(0,-4,1).
D(1,-1,-3).
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3agaua Ne 2.

2.1 Jano: [a| =3, b|=5, [c|=8, £(a,b)=90°, £(a,c)=90" £(b,C)="60"

Haiirn (33— 2b;a +3¢).

2.2 Haiitu ruomaps mapajuienorpaMmMa, MoCTPOSHHOTO Ha BekTopax P =3a + 2b u
G=24-5b, ecmn [d|=2, |b|=3, £(d,b) =30".

2.3 HaiiTu AeliCTBUTEIILHOE YUCITO A, TPH KOTOPOM BekTopbl a= 34,1, 4 ,
b= 321,-6 uc= 3, 1, —2 6yayr KOMILIaHAPHBI.

2.4 Jlano: [a]=2, |p|=1, |¢|=6, £(a,b)=90", £(d,c)=60° (b,C)=60"
Haiitn (28 —3b; b +4¢).

2.5 Haiitu rutoniais mapauuieniorpaMma, MoCTPOSHHOTo Ha BekTopax ( =3a — b
u b Kak Ha cTOpoHax, eciu |§| =3, ‘6‘ =2, £(a,b) =150°.

2.6 Haiftu yron Mexny Bektopamu & n b, ecim |é| = ‘6‘ =2, u Bextopbl d4+30 u
78 —5b mepreHauKyISpHLL. )

2.7 Ompenennts Nmpu KakoM & BekTopel a= «,—3a,1lu b= 12,-10 Gyayr

B3aMMHO IICPICHANUKYJIAPHBI.

2.8 HaiiTi IeCTBUTENBLHOE YHCIO , TPH KOTOPOM BEKTOpHl P=cad+50 wu

G=3a—-b Oynyr komHeapHsl, eciii & U D He KOJUIMHEAPHEL.

2.9 Haiitn nelicTBUTENBHOE 4YHMCIO /A, Tpu KoTopoM Bektopel a= 1,3, 1 ,
b= 4,5 -1 uC= 2,-1,5 Oyayr KOMIUIaHApHBIL.

2.10 Boeruucauth AmuHy Bektopa P+ 27, ecnu P = a+3b, J= 2a—b, |§| =3,

b \ =1, /(d,b) =120

2.11 Tlpu xakux & u 5 BEKTOp C= «,3,f Oyner KOIUIMHEAPEH BEKTOPY

_5,6],ecnn d=3-11.b=120?

2.12 Bomucmuts (28 —5b)?, ecin |§.| =11, ‘6‘ =2, £(a,b)=135".
2.13 Haiitu miomaap napaiieaorpaMma, MOCTPOSHHOTO Ha BekTopax P = 2da — bu
G=2da+b,ecnud= 3,-2,2 , b= 4,1-1.

2.14 Onpenenuts npyu kakom « Bektopsl d= 1,32,2 u b= 2,32, -3 Gymyr

B3aMMHO IICPICHAUKYJIAPHBI.
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2.15 OmnpenenuTh @ U3 YCIOBHS, YTO IUIOIIAIb HapalIeorpaMMa, OCTPOSHHOTO
Ha BekTopax d= 1l a,1 u b= 2,1,0 , paBHa \/6

2.16 HaiiTi mioma s napamieorpamMma, ocTpoeHHOro Ha Bektopax Pp=3d— 2D u
G=24-4b, ccm || =2, |b|=5, £(a,b) =30"

2.17 TIpu xaxom 3nauennn X touku M (X,1,0); A(5,2,1); B(3,-1,2)u
C (2, -2, 0) OynyT Jiexath B OTHOU TIOCKOCTH?

2.18 Haiitu mmHy BekTopa P = b—a+¢ , €CITH |E§| =3, ‘6‘ =2, |C| =4,
£(a,b) = £(b,c) =60°, £(a,c) =90°.

2.19 HaiiTu miomaas TpeyroiabHUKA, TOCTPOSCHHOTO Ha BEKTopax P =d — 2b wu
(=33 b, ccmn [d] =3, |p|=5, £(d,b) = 45".

2.20 OmpenenuTh ¢ W3 YCIOBHS, YTO IUIONIAb MapajuieiorpaMMa, IIOCTPOCHHOTO

Ha Bekropax d= 3,0,1 u b= a,2,2 ,paBHa \/%

2.21 Haittu 4, b . eciu |éi| =12, ‘5‘=10, [é, 6]‘= 72 u yroné(é,ﬁ) — OCTPHIIA.

2.22 Jlnuna tunoreHy3sl AB mpsimoyromprHoro tpeyroiashuka ABC pasma 10.

Bouucnute AB, BC + BC,@ + FA,@ .

2.23 Haittn &,b , ecim |é| =5, ‘5‘= 6, [é, 6}‘=15 u yron Z(a,b) — Tynoii.

2.24 Tlpu xakom 3nadennu Y toukn M (2,Yy,0); A(3,-2,1); B(5,1,4)u
C (2,0, -1) Oyayr exarhb B OJHOM IUIOCKOCTH?

3agava Ne 3. Jlansl uucna z, u z,. Beraucnurs : a) 2, +7,, 0) Z, — Z,, B) 2, - Z,,

Z .
r) —. M300pa3uTth Ha KOMIUIEKCHOI IJIOCKOCTH 4Mcha Z,, Z,, Z +Z,, Z,-Z,.
Z
2

31 z7,=2+3i, z,=3-5i 313 z,=32+6i, z,=-0,2+2i
32 z2,=15-2i, z,=0,5+4i 314 z, =6-7i, z,=8+3i

33 z,=-4-5i, z,=5+6i 315 z2,=2,8+3,4i, z,=0,2-0,4i
34 72,=2,4-3i, z,=31-i 316 z,=21-3, z,=4+i

35 7, =-18+3i, z,=2,8+7i 317 z,=3i-5 1z,=2-0,5i

36 z=4-T7i, z,=1+2i 318 2, =-0,8-9i, z,=-0,2+7i
37 72,=05-2i, z,=2,5+i 319 2z, =18-2i, z,=0,2+5i

38 z=17+2i, z,=0,3+3i 320 z,=-16+3i, z,=0,6+2i
39 z7,=3+4i, z,=7-5i 321 z,=5-i, z,=2+T7i
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310 z, =1-2i, z,=0,6+i 322 7,=6+3i, z,=4-i
311 z,=5-8i, z,=2+Ti 323 7,=6-9i, z,=7+4i
312 z,=5-2i, z,=8+3i 324 7,=-2-Ti, z,=3-4i

3agaua Ne 4. JlanHHOe 4YHCIO Z TPEACTaBUTh B TPUTOHOMETPUYECKOU W

TIOKa3aTeNbHOM (GOpMax M BBIUMCIUTH a) Z°, 0) ¥z. B nyHKTe 0) M300pa3uTh

ITOJTyYEHHbIE KOPHHA HA KOMILJIEKCHOMU TJIOCKOCTH.

41 z=-10+10i 49 z=-8i 417 z=-5+5i
1 1. :
4.2 ZZE—EI 4.10 z:1+_\/§' 4.18 z:ﬁ—ﬁi
I 2 2
43 z=1+i 411  z=-2+23i 419 z=1+i3
44 z=-1+i\3 412 7=23+2i 420 z=Ti2+7i
45 z=-1-i 413 z=2-2i 421 z7=+3+i
46 7=-2-23i 414 z=+/3-i 422 7=-J2+iJ2
47 21:—3+3i 415 7=—/3+i 423 z=-1-i/3
i
_ 1++/3i .
4.8 z:—ﬁ—lu 416 71tV 494 z:ﬁ_l,
2 2 2 8 8

3agaua Ne 5. PemuTh ypaBHEHHE OTHOCUTEIIBHO X B Zp, (BO3MOXEH OTBET: ).

51 2x+4=5 BZ, 59 3x+6=8 BZ 517 3x+4=3 BZg
52 3-4x=2 BZs 510 4x+5=1 BZg 518 5x+3=2 BZ;
53 7x—6=9 BZj; 511 8x-2=3 BZg 519 8x+3=6 BZy
54 12x+9=1 BZ4; 512 3x+4=1 BZs 520 5x—3=4 BZs
55 6x-3=7 BZg 513 4x-2=5 BZ, 521 11x+3=1 BZs;
56 10x+7=3 BZ; 514 2x+3=2 BZs 522 2x+7=5 BZg
57 7x+8=3 BZ 515 8x+7=4 BZ;3 523 6x—5=10 BZ3
58 3-2x=5 BZ; 516 3x+5=4 BZ; 524 9x+4=2 BZ;
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