
ðÒÅÄÅÌÙ

§1. ðÒÅÄÅÌ ÆÕÎËÃÉÉ

1.1. ïÐÒÅÄÅÌÅÎÉÅ ÐÒÅÄÅÌÁ

ðÕÓÔØ a ¡ ÔÏÞËÁ ÞÉÓÌÏ×ÏÊ ÐÒÑÍÏÊ, a ∈ (b; c). ðÕÓÔØ ÆÕÎËÃÉÑ f(x) ÏÐÒÅ-
ÄÅÌÅÎÁ ÎÁ ÍÎÏÖÅÓÔ×Å

E := {x | x ∈ (b; c)\{a}} .

þÉÓÌÏ a ÎÁÚÙ×ÁÅÔÓÑ ÐÒÅÄÅÌÏÍ ÆÕÎËÃÉÉ f(x) ÐÒÉ x, ÓÔÒÅÍÑÝÅÍÓÑ Ë a (ÏÂÏ-
ÚÎÁÞÁÅÔÓÑ A = lim

x→a
f(x)), ÅÓÌÉ ÄÌÑ ÌÀÂÏÇÏ ÐÏÌÏÖÉÔÅÌØÎÏÇÏ ÞÉÓÌÁ ε (∀ε > 0)

ÓÕÝÅÓÔ×ÕÅÔ ÔÁËÏÅ ÐÏÌÏÖÉÔÅÌØÎÏÅ ÞÉÓÌÏ δ (∃δ = δ(ε)), ÞÔÏ ÄÌÑ ÌÀÂÏÇÏ x (∀x)
ÔÁËÏÇÏ, ÞÔÏ 0 < |x − a| < δ, x ∈ E, ×ÙÐÏÌÎÅÎÏ ÎÅÒÁ×ÅÎÓÔ×Ï |f(x)− A| < ε.

úÁÍÅÞÁÎÉÅ. ÷ ÏÐÒÅÄÅÌÅÎÉÉ ÐÒÅÄÅÌÁ ÎÅÔ ÎÉËÁËÉÈ ÕÓÌÏ×ÉÊ ÎÁ ÚÎÁÞÅÎÉÅ
ÆÕÎËÃÉÉ f(x) × ÔÏÞËÅ a, ÂÏÌÅÅ ÔÏÇÏ, ÎÅÔ ÄÁÖÅ ÔÒÅÂÏ×ÁÎÉÑ, ÞÔÏÂÙ ÆÕÎËÃÉÑ
f(x) ÂÙÌÁ ÏÐÒÅÄÅÌÅÎÁ × ÔÏÞËÅ a.

åÓÌÉ × ÏÐÒÅÄÅÌÅÎÉÉ ÐÒÅÄÅÌÁ ÆÕÎËÃÉÉ f(x) ÚÁÍÅÎÉÔØ ÍÎÏÖÅÓÔ×Ï E ÎÁ ÍÎÏ-
ÖÅÓÔ×Ï E+ = E∩{x > a} (E− = E ∩ {x < a}), ÔÏ ÐÏÌÕÞÉÍ ÏÐÒÅÄÅÌÅÎÉÑ ÏÄÎÏ-
ÓÔÏÒÏÎÎÉÈ ÐÒÅÄÅÌÏ× × ÔÏÞËÅ lim

x→a+
f(x)

(

lim
x→a−

f(x)

)

. âÅÒ¾ÔÓÑ ÐÒÁ×ÁÑ (ÌÅ×ÁÑ)

ÐÏÌÕÏËÒÅÓÔÎÏÓÔØ ÔÏÞËÉ a, ÔÏ ÅÓÔØ ÉÎÔÅÒ×ÁÌ ×ÉÄÁ (a, a+ δ), δ > 0
(

(a− δ, a)
)

.

ðÒÉÍÅÒ 1. ðÏËÁÚÁÔØ, ÞÔÏ lim
x→4

x2 = 16.

òÅÛÅÎÉÅ. ëÁË ÓÌÅÄÕÅÔ ÉÚ ÏÐÒÅÄÅÌÅÎÉÑ ÐÒÅÄÅÌÁ, ÎÅÏÂÈÏÄÉÍÏ ÏÃÅÎÉÔØ
ÒÁÚÎÏÓÔØ |x2 − 16|. éÍÅÅÍ, |x2 − 16| = |x − 4| · |x + 4|. ÷ÙÄÅÌÉÍ ÎÅËÏÔÏÒÕÀ
ÏËÒÅÓÔÎÏÓÔØ ÔÏÞËÉ 4, ÎÁÐÒÉÍÅÒ, ÉÎÔÅÒ×ÁÌ (3; 5). äÌÑ ×ÓÅÈ x ∈ (3; 5) ÉÍÅÅÍ
|x + 4| < 9, ÓÌÅÄÏ×ÁÔÅÌØÎÏ, |x2 − 16| < 9 · |x − 4|. ôÁË ËÁË δ-ÏËÒÅÓÔÎÏÓÔØ
ÔÏÞËÉ x = 4 (4 − δ; 4 + δ) ÎÅ ÄÏÌÖÎÁ ×ÙÈÏÄÉÔØ ÚÁ ÐÒÅÄÅÌÙ (3; 5), ÔÏ ÂÅÒ¾Í
δ = min

{

1; ε9
}

, É ÉÚ ÐÒÅÄÙÄÕÝÉÈ ÏÃÅÎÏË ×ÉÄÎÏ, ÞÔÏ ÉÚ ÎÅÒÁ×ÅÎÓÔ×Á 0 <
< |x− 4| < δ ÓÌÅÄÕÅÔ ÎÅÒÁ×ÅÎÓÔ×Ï |x2− 16| < ε. ôÁËÉÍ ÏÂÒÁÚÏÍ, lim

x→4
x2 = 16.

þÉÓÌÏ A ÎÁÚÙ×ÁÅÔÓÑ ÐÒÅÄÅÌÏÍ ÆÕÎËÃÉÉ f(x) ÐÒÉ x → +∞
[

x → −∞;
x → ∞

] (

ÏÂÏÚÎÁÞÅÎÉÅ: lim
x→+∞

f(x) = A
[

lim
x→−∞

f(x) = A; lim
x→∞

f(x) = A
])

,

ÅÓÌÉ ÄÌÑ ÌÀÂÏÇÏ ÐÏÌÏÖÉÔÅÌØÎÏÇÏ ÞÉÓÌÁ ε (∀ε > 0) ÓÕÝÅÓÔ×ÕÅÔ ÔÁËÏÅ ÐÏÌÏ-
ÖÉÔÅÌØÎÏÅ ÞÉÓÌÏ C (∃C = C(ε)), ÞÔÏ ÄÌÑ ÌÀÂÏÇÏ x, ÔÁËÏÇÏ ÞÔÏ x > C, x ∈ E
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[

x < −C, x ∈ E; |x| > C, x ∈ E
]

×ÙÐÏÌÎÅÎÏ ÎÅÒÁ×ÅÎÓÔ×Ï |f(x)− A| < ε.

ðÒÉÍÅÒ 2. ðÏËÁÚÁÔØ, ÞÔÏ lim
x→+∞

x cosx
x2−10x+100 = 0.

òÅÛÅÎÉÅ. òÁÓÓÍÏÔÒÉÍ ÌÕÞ x > 20, ÎÁ ËÏÔÏÒÏÍ ÂÕÄÅÍ ÐÒÏÉÚ×ÏÄÉÔØ ÄÁÌØ-
ÎÅÊÛÉÅ ÏÃÅÎËÉ. äÌÑ x > 20 ÉÍÅÅÍ:

x2 − 10x+ 100 > x2 − 10x = x(x − 10) > x2

2
,

ÓÌÅÄÏ×ÁÔÅÌØÎÏ,
∣

∣

∣

∣

x cosx

x2 − 10x+ 100

∣

∣

∣

∣

<
x

x2/2
=
2

x
.

ôÁËÉÍ ÏÂÒÁÚÏÍ, ÅÓÌÉ C = max
{

20; 2ε
}

, ÔÏ ÉÚ ÎÅÒÁ×ÅÎÓÔ×Á x > C ÓÌÅÄÕÅÔ
∣

∣

∣

∣

x cosx

x2 − 10x+ 100

∣

∣

∣

∣

< ε, ÔÏ ÅÓÔØ lim
x→+∞

x cosx

x2 − 10x+ 100 = 0.

ðÒÉÍÅÒ 3. ðÏËÁÚÁÔØ, ÞÔÏ ÆÕÎËÃÉÑ f(x) = sin 1x ÎÅ ÉÍÅÅÔ ÐÒÅÄÅÌÁ ÐÒÉ
x → 0.
òÅÛÅÎÉÅ. úÁÐÉÛÅÍ Ó ÉÓÐÏÌØÚÏ×ÁÎÉÅÍ ÓÉÍ×ÏÌÏ× ÕÔ×ÅÒÖÄÅÎÉÅ ¤ÞÉÓÌÏ A

ÎÅ Ñ×ÌÑÅÔÓÑ ÐÒÅÄÅÌÏÍ ÆÕÎËÃÉÉ f(x) ÐÒÉ x → a¥:

∃ε0 > 0 : ∀δ > ∃xδ = x(δ) : 0 < |xδ − a| < δ, xδ ∈ E, |f(xδ)− A| > ε0.

åÓÌÉ A = 0, ÔÏ ×ÏÚØÍ¾Í ε0 =
1
2 É xk =

1
2πk+π/2, ÔÏÇÄÁ

∀δ > 0∃k ∈ N : 0 < xk < δ É |f(xk)− 0| = |f(xk| = 1 > ε0,

ÔÁËÉÍ ÏÂÒÁÚÏÍ, ÎÕÌØ ÎÅ ÅÓÔØ ÐÒÅÄÅÌ f(x) = sin 1x ÐÒÉ x → 0. åÓÌÉ ÖÅ A 6= 0,
ÔÏ ×ÏÚØÍ¾Í ε0 =

|A|
2 É xk =

1
2πk . ôÏÇÄÁ

∀δ > 0∃k ∈ N : 0 < xk < δ É |f(xk)− A| = |A| > ε0,

ÔÁËÉÍ ÏÂÒÁÚÏÍ, É ÌÀÂÏÅ ÏÔÌÉÞÎÏÅ ÏÔ ÎÕÌÑ ÞÉÓÌÏ ÎÅ ÅÓÔØ ÐÒÅÄÅÌ ÆÕÎËÃÉÉ
f(x) = sin 1x ÐÒÉ x → 0.

1.2. ó×ÏÊÓÔ×Á ÐÒÅÄÅÌÏ×

óÆÏÒÍÕÌÉÒÕÅÍ ÏÓÎÏ×ÎÙÅ ÕÔ×ÅÒÖÄÅÎÉÑ, ÉÓÐÏÌØÚÕÅÍÙÅ ÄÌÑ ×ÙÞÉÓÌÅÎÉÑ
ÐÒÅÄÅÌÏ×.
åÓÌÉ ÓÕÝÅÓÔ×ÕÀÔ lim

x→a
f1(x) É lim

x→a
f2(x), ÔÏ

lim
x→a
(f1(x) + f2(x)) = lim

x→a
f1(x) + lim

x→a
f2(x);

lim
x→a
(f1(x) · f2(x)) = lim

x→a
f1(x) · lim

x→a
f2(x);
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ÅÓÌÉ lim
x→a

f2(x) 6= 0, ÔÏ

lim
x→a

f1(x)

f2(x)
=
lim
x→a

f1(x)

lim
x→a

f2(x)
;

ÅÓÌÉ × ÎÅËÏÔÏÒÏÊ ÐÒÏËÏÌÏÔÏÊ ÏËÒÅÓÔÎÏÓÔÉ ÔÏÞËÉ x = a ÉÍÅÅÍ

f1(x) 6 g(x) 6 f2(x) É lim
x→a

f1(x) = lim
x→a

f2(x) = A, ÔÏ lim
x→a

g(x) = A.

ðÒÉÍÅÒ 4. îÁÊÔÉ lim
x→2
(x3 + 3x2 + 4x − 5).

òÅÛÅÎÉÅ. ðÏÌØÚÕÑÓØ ÕÔ×ÅÒÖÄÅÎÉÑÍÉ Ï ÐÒÅÄÅÌÅ ÓÕÍÍÙ É ÐÒÏÉÚ×ÅÄÅÎÉÑ
ÐÏÌÕÞÁÅÍ, ÞÔÏ

lim
x→2
(x3 + 3x2 + 4x − 5) = 23 + 3 · 22 + 4 · 2− 5 = 23.

ðÒÉÍÅÒ 5. îÁÊÔÉ lim
x→−2

x2−1
x3−2x+1.

òÅÛÅÎÉÅ. ðÏÌØÚÕÑÓØ ÕÔ×ÅÒÖÄÅÎÉÑÍÉ Ï ÐÒÅÄÅÌÅ ÏÔÎÏÛÅÎÉÑ ÐÏÌÕÞÁÅÍ,
ÞÔÏ

lim
x→−2

x2 − 1
x3 − 2x+ 1 =

lim
x→−2
(x2 − 1)

lim
x→−2
(x3 − 2x+ 1) =

(−2)2 − 1
(−2)3 − 2 · (−2) + 1 =

3

−3 = −1.

úÁÍÅÞÁÎÉÅ. ÷ ÄÁÌØÎÅÊÛÅÍ ÂÕÄÅÍ ÐÏÌØÚÏ×ÁÔØÓÑ ÔÅÍ, ÞÔÏ ÄÌÑ ÌÀÂÏÊ ÜÌÅ-
ÍÅÎÔÁÒÎÏÊ ÆÕÎËÃÉÉ f(x) É ÌÀÂÏÊ ÔÏÞËÉ a ÉÚ Å¾ ÏÂÌÁÓÔÉ ÏÐÒÅÄÅÌÅÎÉÑ ÓÐÒÁ-
×ÅÄÌÉ×Ï ÓÏÏÔÎÏÛÅÎÉÅ lim

x→a
f(x) = f(a).

ðÒÉ ×ÙÞÉÓÌÅÎÉÉ ÐÒÅÄÅÌÏ× ÞÁÓÔÏ ÐÒÉÍÅÎÑÅÔÓÑ ÓÌÅÄÕÀÝÁÑ ÔÅÏÒÅÍÁ Ï ÐÒÅ-
ÄÅÌÅ ËÏÍÐÏÚÉÃÉÉ: ÅÓÌÉ ÆÕÎËÃÉÑ f(x) É ÓÕÝÅÓÔ×ÕÅÔ lim

t→t0
x(t) = a, ÔÏ

lim
t→t0

f(x(t)) = f

(

lim
t→t0

x(t)

)

= f(a).

ðÒÉÍÅÒ 6. îÁÊÔÉ lim
x→4π

ln
(

1 +
√

1 + sin2 x
2

)

.

òÅÛÅÎÉÅ. îÁÐÉÛÅÍ ÃÅÐÏÞËÕ ÓÏÏÔÎÏÛÅÎÉÊ:

y1 =
x

2
, y2 = sin y1, y3 = y22, y4 = 1 + y3,

y5 =
√

y4, y6 = 1 + y5, y7 = ln y6.
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ðÒÉÍÅÎÑÑ ÐÏÓÌÅÄÏ×ÁÔÅÌØÎÏ ÔÅÏÒÅÍÕ Ï ÐÒÅÄÅÌÅ ËÏÍÐÏÚÉÃÉÉ, ÐÏÌÕÞÉÍ

lim
x→4π

y1(x) = 2π, lim
x→4π

y2(x) = lim
y1→2π

sin y1 = 0,

lim
x→4π

y3(x) = lim
y2→0

y22 = 0, lim
x→4π

y4(x) = lim
y3→0
(1 + y3) = 1,

lim
x→4π

y5(x) = lim
y4→1

√
y4 = 1, lim

x→4π
y6(x) = lim

y5→1
(1 + y5) = 2,

lim
x→4π

ln

(

1 +

√

1 + sin2
x

2

)

= lim
x→4π

y7(x) = lim
y6→2
ln y6 = ln 2.

úÁÍÅÞÁÎÉÅ. ÷ ÔÅÏÒÅÍÅ Ï ÐÒÅÄÅÌÅ ËÏÍÐÏÚÉÃÉÉ ÕÓÌÏ×ÉÅ ÎÅÐÒÅÒÙ×ÎÏÓÔÉ
ÆÕÎËÃÉÉ f(x) × ÔÏÞËÅ x = a ÎÅÌØÚÑ ÚÁÍÅÎÉÔØ ÎÁ ÕÓÌÏ×ÉÅ ÓÕÝÅÓÔ×Ï×ÁÎÉÑ ÐÒÅ-
ÄÅÌÁ ÆÕÎËÃÉÉ f(x) ÐÒÉ x → a. äÅÌÏ × ÔÏÍ, ÞÔÏ ÅÓÌÉ lim

x→a
f(x) = A, lim

t→t0
x(t) =

= a É lim
t→t0

f(x(t)) ÓÕÝÅÓÔ×ÕÅÔ, ÔÏ ×ÅÒÎÏ ÒÁ×ÅÎÓÔ×Ï lim
t→t0

f(x(t)) = lim
x→a

f(x) = A,

ÎÏ ÓÕÝÅÓÔ×Ï×ÁÎÉÅ ÐÒÅÄÅÌÁ f(x(t)) ÎÅ ÓÌÅÄÕÅÔ ÉÚ ÓÕÝÅÓÔ×Ï×ÁÎÉÑ ÐÒÅÄÅÌÏ×
ÆÕÎËÃÉÊ f(x) É x(t).
ðÕÓÔØ a¡ ÔÏÞËÁ ÒÁÓÛÉÒÅÎÎÏÊ ÞÉÓÌÏ×ÏÊ ÐÒÑÍÏÊ (ÔÏ ÅÓÔØ ÞÉÓÌÏ ÉÌÉ ÏÄÉÎ

ÉÚ ÓÉÍ×ÏÌÏ× +∞, −∞,∞). ïÂÏÚÎÁÞÉÍ ÞÅÒÅÚ U(a) ÏËÒÅÓÔÎÏÓÔØ ÔÏÞËÉ a: ÅÓÌÉ
a¡ÞÉÓÌÏ, ÔÏ U(a) ¡ ÉÎÔÅÒ×ÁÌ Ó ÃÅÎÔÒÏÍ × ÔÏÞËÅ a; ÅÓÌÉ a = +∞, ÔÏ U(a) ¡
ÌÀÂÏÊ ÌÕÞ x > α; ÅÓÌÉ a = −∞, ÔÏ U(a) ¡ ÌÀÂÏÊ ÌÕÞ x < α; ÅÓÌÉ a =∞, ÔÏ
U(a) ¡ ÏÂßÅÄÉÎÅÎÉÅ Ä×ÕÈ ÌÕÞÅÊ: {x > α} ∪ {x < α}. ïÂÏÚÎÁÞÉÍ ÞÅÒÅÚ ‘U(a)
ÐÒÏËÏÌÏÔÕÀ ÏËÒÅÓÔÎÏÓÔØ ÔÏÞËÉ a: ‘U(a) = U(a)\{a}.

1.3. âÅÓËÏÎÅÞÎÏ ÂÏÌØÛÁÑ ÆÕÎËÃÉÑ

æÕÎËÃÉÑ f(x) ÎÁÚÙ×ÁÅÔÓÑ ÂÅÓËÏÎÅÞÎÏ ÂÏÌØÛÏÊ ÐÒÉ x → a, ÅÓÌÉ ÄÌÑ
ÌÀÂÏÇÏ ÐÏÌÏÖÉÔÅÌØÎÏÇÏ ÞÉÓÌÁ C ÓÕÝÅÓÔ×ÕÅÔ ÏËÒÅÓÔÎÏÓÔØ U(a) ÔÁËÁÑ, ÞÔÏ
|f(x)| > C ÄÌÑ ÌÀÂÏÇÏ x ∈ ‘U(a) ∩E (E ¡ ÍÎÏÖÅÓÔ×Ï ÏÐÒÅÄÅÌÅÎÉÑ ÆÕÎËÃÉÉ
f(x)).
úÁÍÅÎÑÑ × ÜÔÏÍ ÏÐÒÅÄÅÌÅÎÉÉ ÎÅÒÁ×ÅÎÓÔ×Ï |f(x)| > C ÎÁ f(x) > C (f(x) <

< C) ÐÏÌÕÞÁÅÍ ÏÐÒÅÄÅÌÅÎÉÅ ÐÏÌÏÖÉÔÅÌØÎÏÊ (ÏÔÒÉÃÁÔÅÌØÎÏÊ) ÂÅÓËÏÎÅÞÎÏ
ÂÏÌØÛÏÊ ÆÕÎËÃÉÉ.
õÔ×ÅÒÖÄÅÎÉÅ, ÞÔÏ ÆÕÎËÃÉÑ f(x) ÐÒÉ x → a Ñ×ÌÑÅÔÓÑ ÂÅÓËÏÎÅÞÎÏ ÂÏÌØÛÏÊ

(ÐÏÌÏÖÉÔÅÌØÎÏÊ ÂÅÓËÏÎÅÞÎÏ ÂÏÌØÛÏÊ, ÏÔÒÉÃÁÔÅÌØÎÏÊ ÂÅÓËÏÎÅÞÎÏ ÂÏÌØÛÏÊ)
ÚÁÐÉÓÙ×ÁÅÔÓÑ × ×ÉÄÅ:

lim
x→a

f(x) =∞
(

lim
x→a

f(x) = +∞, lim
x→a

f(x) = −∞
)

.

óÆÏÒÍÕÌÉÒÕÅÍ ÏÓÎÏ×ÎÙÅ ÓÏÏÔÎÏÛÅÎÉÑ ÄÌÑ ÂÅÓËÏÎÅÞÎÏ ÂÏÌØÛÉÈ ÆÕÎËÃÉÊ.
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åÓÌÉ lim
x→a

f(x) = 0, f(x) 6= 0, ÔÏ lim
x→a

1
f(x)
= ∞, É ÏÂÒÁÔÎÏ, ÅÓÌÉ lim

x→a
f(x) =

=∞, ÔÏ lim
x→a

1
f(x) = 0.

åÓÌÉ lim
x→a

f1(x) =∞ É lim
x→a

f2(x) = A, ÔÏ lim
x→a
(f1(x) + f2(x)) =∞.

åÓÌÉ lim
x→a

f1(x) = +∞ É lim
x→a

f2(x) = +∞, ÔÏ lim
x→a
(f1(x) + f2(x)) = +∞.

åÓÌÉ lim
x→a

f1(x) =∞ É lim
x→a

f2(x) = A 6= 0, ÔÏ lim
x→a
(f1(x) · f2(x)) =∞.

åÓÌÉ lim
x→a

f1(x) = A 6= 0, f2(x) 6= 0 É lim
x→a

f2(x) = 0, ÔÏ lim
x→a

f1(x)
f2(x)
=∞.

åÓÌÉ lim
x→a

f1(x) = A É lim
x→a

f2(x) =∞, ÔÏ lim
x→a

f1(x)
f2(x)
= 0.

ðÒÉÍÅÒ 7. îÁÊÔÉ lim
x→0

ln(x3+4x+2)
ln(x10+x3+x2) .

òÅÛÅÎÉÅ. ðÏÌØÚÕÑÓØ ÕÔ×ÅÒÖÄÅÎÉÅÍ Ï ÐÒÅÄÅÌÅ ÐÒÏÉÚ×ÅÄÅÎÉÑ, ÐÏÌÕÞÁÅÍ:

lim
x→0

ln(x3 + 4x+ 2)

ln(x10 + x3 + x2)
= lim

x→0
ln(x3+ 4x+2) · 1

lim
x→0
ln(x10 + x3 + x2)

= ln 2 · 0 = 0.

ðÒÉÍÅÒ 8. îÁÊÔÉ lim
x→−∞

x
2x .

òÅÛÅÎÉÅ. òÁÓÓÍÏÔÒÉÍ ÏÂÒÁÔÎÕÀ ×ÅÌÉÞÉÎÕ 2
x

x = 2
x· 1x . ðÒÉÍÅÎÑÅÍ ÕÔ×ÅÒ-

ÖÄÅÎÉÅ Ï ÐÒÅÄÅÌÅ ÐÒÏÉÚ×ÅÄÅÎÉÑ É ÐÏÌÕÞÁÅÍ:

lim
x→−∞

x

2x
= lim

x→−∞

(

2x · 1
x

)

= lim
x→−∞

2x · lim
x→−∞

1

x
= 0,

ÏÔËÕÄÁ ÓÌÅÄÕÅÔ, ÞÔÏ lim
x→−∞

x
2x = −∞.

ðÒÉÍÅÒ 9. îÁÊÔÉ lim
x→+∞

(√
4x2 + 4x+ x

)

.

òÅÛÅÎÉÅ. ôÒÅÂÕÅÔÓÑ ×ÙÞÉÓÌÉÔØ ÐÒÅÄÅÌ ÓÕÍÍÙ Ä×ÕÈ ÂÅÓËÏÎÅÞÎÏ ÂÏÌØ-
ÛÉÈ ÐÒÉ x → +∞ ÆÕÎËÃÉÊ, ÐÏÜÔÏÍÕ

lim
x→+∞

(

√

4x2 + 4x+ x
)

= +∞.

§2. ÷ÙÞÉÓÌÅÎÉÅ ÐÒÅÄÅÌÁ × ÓÌÕÞÁÅ ÎÅÏÐÒÅÄÅÌ¾ÎÎÏÓÔÉ
ðÒÉ ×ÙÞÉÓÌÅÎÉÉ ÐÒÅÄÅÌÏ×

lim
x→a

f(x)

g(x)
, lim

x→a
(f(x) · g(x)) , lim

x→a
(f(x)− g(x))

ÍÏÇÕÔ ×ÏÚÎÉËÎÕÔØ ÓÉÔÕÁÃÉÉ, ËÏÇÄÁ ÎÅÐÏÓÒÅÄÓÔ×ÅÎÎÏÅ ÐÒÉÍÅÎÅÎÉÅ ÔÅÏÒÅÍ Ï
Ó×ÏÊÓÔ×ÁÈ ÐÒÅÄÅÌÏ× É ÂÅÓËÏÎÅÞÎÏ ÂÏÌØÛÉÈ ÆÕÎËÃÉÊ ÎÅ ÄÁ¾Ô ×ÏÚÍÏÖÎÏÓÔØ ÉÈ
×ÙÞÉÓÌÉÔØ. ôÁËÏÅ ÐÏÌÏÖÅÎÉÅ ×ÏÚÍÏÖÎÏ × ÓÌÅÄÕÀÝÉÈ ÓÌÕÞÁÑÈ.

1. lim
x→a

f(x)
g(x) :
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Á) lim
x→a

f(x) = lim
x→a

g(x) = 0 (ÓÉÍ×ÏÌÉÞÅÓËÉ ÏÂÏÚÎÁÞÁÅÔÓÑ
[

0
0

]

);

Â) lim
x→a

f(x) = lim
x→a

g(x) =∞ (ÓÉÍ×ÏÌÉÞÅÓËÉ ÏÂÏÚÎÁÞÁÅÔÓÑ
[∞
∞
]

).

2. lim
x→a
(f(x) · g(x)) :

lim
x→a

f(x) = 0, lim
x→a

g(x) =∞ (ÓÉÍ×ÏÌÉÞÅÓËÉ ÏÂÏÚÎÁÞÁÅÔÓÑ [0 · ∞]).
3. lim

x→a
(f(x)− g(x)) :

lim
x→a

f(x) = lim
x→a

g(x) =∞ (ÓÉÍ×ÏÌÉÞÅÓËÉ ÏÂÏÚÎÁÞÁÅÔÓÑ [∞−∞]).

÷ ÔÏÍ ÓÌÕÞÁÅ, ËÏÇÄÁ ÉÍÅÅÔ ÍÅÓÔÏ ÎÅÏÐÒÅÄÅÌ¾ÎÎÏÓÔØ, ÄÌÑ ×ÙÞÉÓÌÅÎÉÑ ÐÒÅ-
ÄÅÌÁ - ¤ÒÁÓËÒÙÔÉÑ ÎÅÏÐÒÅÄÅÌ¾ÎÎÏÓÔÉ¥ - ÐÒÅÏÂÒÁÚÏ×Ù×ÁÀÔ ×ÙÒÁÖÅÎÉÅ ÔÁË,
ÞÔÏÂÙ ÐÏÌÕÞÉÔØ ×ÏÚÍÏÖÎÏÓÔØ ÅÇÏ ×ÙÞÉÓÌÉÔØ. äÌÑ ÔÁËÉÈ ÐÒÅÏÂÒÁÚÏ×ÁÎÉÊ
ÉÓÐÏÌØÚÕÀÔÓÑ ÉÌÉ ÔÏÖÄÅÓÔ×ÅÎÎÙÅ ÓÏÏÔÎÏÛÅÎÉÑ ÉÌÉ ÓÒÁ×ÎÅÎÉÑ ÐÏ×ÅÄÅÎÉÑ
ÆÕÎËÃÉÉ ÐÒÉ ÓÔÒÅÍÌÅÎÉÉ x → a (ÓÏÏÔÎÏÛÅÎÉÑ ÜË×É×ÁÌÅÎÔÎÏÓÔÅÊ).

æÕÎËÃÉÑ f(x) ÜË×É×ÁÌÅÎÔÎÁ ÆÕÎËÃÉÉ g(x) ÐÒÉ x → a (f(x) ∼ g(x) ÐÒÉ
x → a), ÅÓÌÉ ÓÕÝÅÓÔ×ÕÅÔ ÔÁËÁÑ ÆÕÎËÃÉÑ α(x), ÞÔÏ f(x) = α(x)g(x), ÇÄÅ
α(x)→ 1 ÐÒÉ x → 0.
óÏÏÔÎÏÛÅÎÉÑ ÜË×É×ÁÌÅÎÔÎÏÓÔÅÊ ÏÂÌÁÄÁÀÔ ÓÌÅÄÕÀÝÉÍÉ Ó×ÏÊÓÔ×ÁÍÉ (×ÅÚ-

ÄÅ ÐÏÄÒÁÚÕÍÅ×ÁÅÔÓÑ, ÞÔÏ x → a).

1. åÓÌÉ f(x) ∼ g(x), ÔÏ g(x) ∼ f(x).
2. åÓÌÉ f(x) ∼ g(x) É g(x) ∼ h(x), ÔÏ f(x) ∼ h(x).
3. åÓÌÉ f(x) ∼ g(x) É h(x) ∼ s(x), ÔÏ f(x) · h(x) ∼ g(x) · s(x).
4. åÓÌÉ lim

x→a
f(x) = k, ÔÏ f(x) ∼ k.

óÐÒÁ×ÅÄÌÉ×Ù ÓÌÅÄÕÀÝÉÅ ÓÏÏÔÎÏÛÅÎÉÑ (Ä×Á ÏÓÎÏ×ÎÙÈ ÐÒÅÄÅÌÁ):

lim
x→0
sinx

x
= 1, lim

x→0
ex − 1

x
= 1.

÷ ÄÒÕÇÏÊ ÚÁÐÉÓÉ:

sinx ∼ x ÐÒÉ x → 0, ex − 1 ∼ x ÐÒÉ x → 0.

ïÔÓÀÄÁ ÐÏÌÕÞÁÅÍ, ÞÔÏ ÐÒÉ x → 0:

1− cosx = 2 sin2 x

2
∼ x2

2
, tgx =

sinx

cosx
∼ x,

arcsinx ∼ sin(arcsinx) = x, ln(1 + x) ∼ eln(1+x) − 1 = x.

ó×ÅÄ¾Í ÐÏÌÕÞÅÎÎÙÅ É ÁÎÁÌÏÇÉÞÎÙÅ ÉÍ ÓÏÏÔÎÏÛÅÎÉÑ × ÔÁÂÌÉÃÕ.
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üË×É×ÁÌÅÎÔÎÏÓÔÉ ÐÒÉ x → 0
sinx ∼ x

1− cosx ∼ x2

2
tgx ∼ x
arcsinx ∼ x
arctgx ∼ x
ex − 1 ∼ x

ax − 1 ∼ x ln a
ln(1 + x) ∼ x
loga(1 + x) ∼ x

ln a
(1 + x)m − 1 ∼ mx

ðÒÉÍÅÒ 1. ÷ÙÞÉÓÌÉÔØ ÐÒÅÄÅÌ

lim
x→+∞

anx
n + an−1xn−1 + . . .+ a1x+ a0

bmxm + bm−1xm−1 + . . .+ b1x+ b0
(m > 1, n > 1, anbm 6= 0).

òÅÛÅÎÉÅ. éÍÅÅÍ ÎÅÏÐÒÅÄÅÌ¾ÎÎÏÓÔØ ×ÉÄÁ
[∞
∞
]

. òÁÚÄÅÌÉÍ ÞÉÓÌÉÔÅÌØ É
ÚÎÁÍÅÎÁÔÅÌØ ÄÒÏÂÉ ÎÁ xm.

lim
x→+∞

anx
n + an−1xn−1 + . . .+ a1x+ a0

bmxm + bm−1xm−1 + . . .+ b1x+ b0
=

= lim
x→+∞

anx
n−m + an−1xn−1−m + . . .+ a1

xm−1 +
a0
xm

bm +
bm−1

x + . . .+ b1
xm−1 +

b0
xm

=

=
lim

x→+∞

(

anx
n−m + an−1xn−1−m + . . .+ a1

xm−1 +
a0
xm

)

lim
x→+∞

(

bm +
bm−1

x + . . .+ b1
xm−1 +

b0
xm

) =

=
1

bm
lim

x→+∞

(

anx
n−m + an−1x

n−1−m + . . .+
a1

xm−1 +
a0
xm

)

.

ïÔÓÀÄÁ ÐÏÌÕÞÁÅÍ, ÞÔÏ

lim
x→+∞

anx
n + . . .+ a0

bmxm + . . .+ b0
=







0 ÐÒÉ m > n,
an

bm
ÐÒÉ m > n,

∞ ÐÒÉ m > n.

ðÒÉÍÅÒ 2. ÷ÙÞÉÓÌÉÔØ ÐÒÅÄÅÌ lim
x→+∞

5x3+2x2−4
6x2+8x+9 .

òÅÛÅÎÉÅ. óÏÇÌÁÓÎÏ ÐÒÉÍÅÒÕ 1 m = 2, n = 3, ÏÔÓÀÄÁ m < n, ÐÏÜÔÏÍÕ

lim
x→+∞

5x3 + 2x2 − 4
6x2 + 8x+ 9

=∞.

ðÒÉÍÅÒ 3. ÷ÙÞÉÓÌÉÔØ ÐÒÅÄÅÌ lim
x→+∞

7x3−3x+2
8x4−6x3+5x+1.
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òÅÛÅÎÉÅ. óÏÇÌÁÓÎÏ ÐÒÉÍÅÒÕ 1 m = 4, n = 3, ÏÔÓÀÄÁ m > n, ÐÏÜÔÏÍÕ

lim
x→+∞

7x3 − 3x+ 2
8x4 − 6x3 + 5x+ 1 = 0.

ðÒÉÍÅÒ 4. ÷ÙÞÉÓÌÉÔØ ÐÒÅÄÅÌ lim
x→+∞

5x3+6x2−7x+2
8x3−12x+9 .

òÅÛÅÎÉÅ. óÏÇÌÁÓÎÏ ÐÒÉÍÅÒÕ 1 m = n = 3, bm = 8, an = 5, ÐÏÜÔÏÍÕ

lim
x→+∞

5x3 + 6x2 − 7x+ 2
8x3 − 12x+ 9 =

5

8
.

ðÒÉÍÅÒ 5. ÷ÙÞÉÓÌÉÔØ ÐÒÅÄÅÌ

lim
x→+∞

√
x2 + 4 + 3

√
8x3 + 7

5
√

x5 + 9
.

òÅÛÅÎÉÅ. éÍÅÅÍ ÎÅÏÐÒÅÄÅÌ¾ÎÎÏÓÔØ ×ÉÄÁ
[∞
∞
]

. òÁÚÄÅÌÉÍ ÞÉÓÌÉÔÅÌØ É
ÚÎÁÍÅÎÁÔÅÌØ ÎÁ x.

lim
x→+∞

√
x2 + 4 + 3

√
8x3 + 7

5
√

x5 + 9
= lim

x→+∞

√
x2+4
x +

3
√
8x3+7
x

5
√

x5+9
x

=

= lim
x→+∞

√

1 + 4
x2 +

3

√

8 + 7
x3

5

√

1 + 9
x5

=
1 + 2

1
= 3.

ðÒÉÍÅÒ 6. ÷ÙÞÉÓÌÉÔØ ÐÒÅÄÅÌ lim
x→∞

ln(x2+4x+2)
ln(x10+x3+x) .

òÅÛÅÎÉÅ. éÍÅÅÍ ÎÅÏÐÒÅÄÅÌ¾ÎÎÏÓÔØ ×ÉÄÁ
[∞
∞
]

. óÄÅÌÁÅÍ ÓÌÅÄÕÀÝÉÅ ÐÒÅ-
ÏÂÒÁÚÏ×ÁÎÉÑ.

ln(x2 + 4x+ 2)

ln(x10 + x3 + x)
=
2 ln |x|+ ln

(

1 + 4x+2x2

)

10 ln |x|+ ln
(

1 + x3+x
x10

) =
2 +

ln(1+ 4x+2
x2
)

ln |x|

10 +
ln(1+x2+x

x10 )
ln |x|

.

ðÒÉÍÅÎÑÑ ÓÏÏÔÎÏÛÅÎÉÑ ÄÌÑ ÂÅÓËÏÎÅÞÎÏ ÂÏÌØÛÉÈ ÆÕÎËÃÉÊ É ÄÌÑ ×ÙÞÉÓÌÅÎÉÑ
ÐÒÅÄÅÌÏ×, ÐÏÌÕÞÁÅÍ

lim
x→∞

ln
(

1 + 4x+2
x2

)

ln |x| = lim
x→∞
ln

(

1 +
4x+ 2

x2

)

· lim
x→∞

1

ln |x| = 0,

lim
x→∞

ln
(

1 + x2+1
x9

)

ln |x| = 0,
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ÏÔËÕÄÁ, ÐÒÉÍÅÎÑÑ ÓÏÏÔÎÏÛÅÎÉÑ ÄÌÑ ×ÙÞÉÓÌÅÎÉÑ ÐÒÅÄÅÌÏ×, ÏËÏÎÞÁÔÅÌØÎÏ ÐÏ-
ÌÕÞÁÅÍ

lim
x→∞

ln(x2 + 4x+ 2)

ln(x10 + x3 + x)
=
2 + 0

10 + 0
=
1

5
.

ðÒÉÍÅÒ 7. ÷ÙÞÉÓÌÉÔØ ÐÒÅÄÅÌ lim
x→−∞

(√
x2 + 4x+ 5 + x

)

.

òÅÛÅÎÉÅ. éÍÅÅÍ ÎÅÏÐÒÅÄÅÌ¾ÎÎÏÓÔØ ×ÉÄÁ [∞−∞]. åÓÌÉ x < 0, ÔÏ

√

x2 + 4x+ 5 + x =
4x+ 5√

x2 + 4x+ 5− x
=

4 + 5x

−
√

1 + 4x +
5
x2 − 1

,

ÓÌÅÄÏ×ÁÔÅÌØÎÏ, lim
x→−∞

(√
x2 + 4x+ 5 + x

)

= −2.
ðÒÉÍÅÒ 8. ÷ÙÞÉÓÌÉÔØ ÐÒÅÄÅÌ lim

x→+∞

(√
x2 + 9x − x

)

.

òÅÛÅÎÉÅ. éÍÅÅÍ ÎÅÏÐÒÅÄÅÌ¾ÎÎÏÓÔØ ×ÉÄÁ [∞−∞].
√

x2 + 9x − x =
x2 + 9x − x2√
x2 + 9x+ x

=
9x√

x2 + 9x+ x
=

=
9

√

x2+9x
x2 +

x
x

=
9

√

1 + 9x + 1
,

ÓÌÅÄÏ×ÁÔÅÌØÎÏ, lim
x→+∞

(√
x2 + 9x − x

)

= 9
2.

ðÒÉÍÅÒ 9. ÷ÙÞÉÓÌÉÔØ ÐÒÅÄÅÌ lim
x→1

x3−1
x2−4x+3.

òÅÛÅÎÉÅ. éÍÅÅÍ ÎÅÏÐÒÅÄÅÌ¾ÎÎÏÓÔØ ×ÉÄÁ
[

0
0

]

. ÷ ÐÒÏËÏÌÏÔÏÊ ÏËÒÅÓÔÎÏÓÔÉ
ÔÏÞËÉ x = 1 ÆÕÎËÃÉÉ

x3 − 1
x2 − 4x+ 3 É

x2 + x+ 1

x − 3
ÔÏÖÄÅÓÔ×ÅÎÎÏ ÒÁ×ÎÙ, ÚÎÁÞÉÔ, ÉÍÅÀÔ ÐÒÉ x → 1 ÏÄÉÎ É ÔÏÔ ÖÅ ÐÒÅÄÅÌ. ðÒÅ-
ÄÅÌ lim

x→1
x2+x+1

x−3 ×ÙÞÉÓÌÑÅÔÓÑ Ó ÉÓÐÏÌØÚÏ×ÁÎÉÅÍ ÕÔ×ÅÒÖÄÅÎÉÑ Ï ÐÒÅÄÅÌÅ ÞÁÓÔ-

ÎÏÇÏ É ÐÒÅÄÅÌÅ ÍÎÏÇÏÞÌÅÎÁ. éÔÁË,

lim
x→1

x3 − 1
x2 − 4x+ 3 = limx→1

x2 + x+ 1

x − 3 =
lim
x→1

x3−1
x2−4x+3

lim
x→1

x2+x+1
x−3

= −3
2
.

ðÒÉÍÅÒ 10. ÷ÙÞÉÓÌÉÔØ ÐÒÅÄÅÌ lim
x→0

tg x−sinx
x3 .

òÅÛÅÎÉÅ. éÍÅÅÍ ÎÅÏÐÒÅÄÅÌ¾ÎÎÏÓÔØ ×ÉÄÁ
[

0
0

]

. ðÏÌØÚÕÑÓØ ÓÏÏÔÎÏÛÅÎÉÑÍÉ
ÜË×É×ÁÌÅÎÔÎÏÓÔÉ ÐÏÌÕÞÉÍ

lim
x→0
tgx − sinx

x3
= lim

x→0
tg x · (1− cosx)

x3
= lim

x→0

x · x2

2

x3
=
1

2
.
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úÁÍÅÞÁÎÉÅ. ÷ÎÉÍÁÎÉÅ! óÏÏÔÎÏÛÅÎÉÑ ÜË×É×ÁÌÅÎÔÎÏÓÔÅÊ ÍÏÖÎÏ ÐÒÉÍÅ-
ÎÑÔØ ÔÏÌØËÏ × ÓÌÕÞÁÅ, ËÏÇÄÁ ÆÕÎËÃÉÑ, ËÏÔÏÒÕÀ ÚÁÍÅÎÑÀÔ ÎÁ ÜË×É×ÁÌÅÎÔÎÕÀ,
Ñ×ÌÑÅÔÓÑ ÍÎÏÖÉÔÅÌÅÍ ×ÓÅÇÏ ×ÙÒÁÖÅÎÉÑ. úÁÍÅÎÕ ÎÁ ÜË×É×ÁÌÅÎÔÎÕÀ ÆÕÎËÃÉÀ
× ÏÔÄÅÌØÎÏÍ ÓÌÁÇÁÅÍÏÍ ÁÌÇÅÂÒÁÉÞÅÓËÏÊ ÓÕÍÍÙ ÄÅÌÁÔØ ÎÅÌØÚÑ.
÷ ÓÌÕÞÁÅ, ËÏÇÄÁ lim

x→a
t(x) = 0, ÓÐÒÁ×ÅÄÌÉ×Ù ÓÌÅÄÕÀÝÉÅ ÓÏÏÔÎÏÛÅÎÉÑ, ÓÌÅ-

ÄÕÀÝÉÅ ÉÚ ÏÐÒÅÄÅÌÅÎÉÑ ÜË×É×ÁÌÅÎÔÎÙÈ ÆÕÎËÃÉÊ É ÔÅÏÒÅÍÙ Ï ÐÒÅÄÅÌÅ ËÏÍ-
ÐÏÚÉÃÉÉ ÆÕÎËÃÉÊ.

üË×É×ÁÌÅÎÔÎÏÓÔÉ ÐÒÉ x → a
lim
x→a

t(x) = 0

sin t(x) ∼ t(x)

1− cos t(x) ∼ t2(x)
2

tg t(x) ∼ t(x)
arcsin t(x) ∼ t(x)
arctg t(x) ∼ t(x)
et(x) − 1 ∼ t(x)

at(x) − 1 ∼ t(x) ln a
ln(1 + t(x)) ∼ t(x)

loga(1 + t(x)) ∼ t(x)
ln a

(1 + t(x))m − 1 ∼ m · t(x)
ðÒÉÍÅÒ 11. ÷ÙÞÉÓÌÉÔØ ÐÒÅÄÅÌ lim

x→−3
arcsin(x+3)

x2+3x
.

òÅÛÅÎÉÅ. éÍÅÅÍ ÎÅÏÐÒÅÄÅÌ¾ÎÎÏÓÔØ ×ÉÄÁ
[

0
0

]

. æÕÎËÃÉÑ

arcsin(x+ 3) = arcsin t(x), ÇÄÅ t(x) = x+ 3 É lim
x→−3

t(x) = 0,

ÐÏÜÔÏÍÕ ÓÐÒÁ×ÅÄÌÉ×Ï ÓÏÏÔÎÏÛÅÎÉÅ arcsin(x+ 3) ∼ x+ 3 ÐÒÉ x → −3. éÔÁË,

lim
x→−3

arcsin(x+ 3)

x2 + 3x
= lim

x→−3
x+ 3

x2 + 3x
= lim

x→−3
x+ 3

x(x+ 3)
= −1
3
.

ðÒÉÍÅÒ 12. ÷ÙÞÉÓÌÉÔØ ÐÒÅÄÅÌ lim
x→0

1−cos 10x
1−cos 15x.

òÅÛÅÎÉÅ. éÍÅÅÍ ÎÅÏÐÒÅÄÅÌ¾ÎÎÏÓÔØ ×ÉÄÁ
[

0
0

]

. òÁÓÓÍÏÔÒÉÍ ÆÕÎËÃÉÀ

1− cos 10x = 1− cos t(x), ÇÄÅ t(x) = 10x É lim
x→0
10x = 0,

ÐÏÜÔÏÍÕ 1−cos 10x ∼ (10x)2

2
. áÎÁÌÏÇÉÞÎÏ, 1−cos 15x ∼ (15x)2

2
, ÏÔÓÀÄÁ ÐÏÌÕÞÉÍ

lim
x→0
1− cos 10x
1− cos 15x = limx→0

(10x)2

(15x)2
=
4

9
.

ðÒÉÍÅÒ 13. ÷ÙÞÉÓÌÉÔØ ÐÒÅÄÅÌ lim
x→3

4x−64
x−3 .
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òÅÛÅÎÉÅ. éÍÅÅÍ ÎÅÏÐÒÅÄÅÌ¾ÎÎÏÓÔØ ×ÉÄÁ
[

0
0

]

. ðÒÅÄÓÔÁ×ÉÍ ÆÕÎËÃÉÀ, ÓÔÏ-
ÑÝÕÀ × ÞÉÓÌÉÔÅÌÅ, × ×ÉÄÅ

4x − 64 = 4x − 43 =
(

4x

43
− 1
)

· 43 = 43 ·
(

4x−3 − 1
)

.

æÕÎËÃÉÑ 4x−3 − 1 = 4t(x) − 1, ÇÄÅ t(x) = x − 3 É lim
x→3

t(x) = lim
x→3
(x − 3) = 0,

ÏÔÓÀÄÁ ×ÉÄÎÏ, ÞÔÏ 4x−3 − 1 ∼ (x − 3) ln 4 ÐÒÉ x → 3. ÷ÙÞÉÓÌÉÍ ÐÒÅÄÅÌ

lim
x→3
4x − 64
x − 3 = limx→3

43 · ln 4 · (x − 3)
x − 3 = 43 · ln 4.

ðÒÉÍÅÒ 14. ÷ÙÞÉÓÌÉÔØ ÐÒÅÄÅÌ lim
x→0

4x−10x
3x−7x .

òÅÛÅÎÉÅ. éÍÅÅÍ ÎÅÏÐÒÅÄÅÌ¾ÎÎÏÓÔØ ×ÉÄÁ
[

0
0

]

. òÁÓÓÍÏÔÒÉÍ ×ÙÒÁÖÅÎÉÅ,

ÓÔÏÑÝÅÅ × ÞÉÓÌÉÔÅÌÅ: 4x − 10x =
[(

4
10

)x − 1
]

· 10x. ìÅÇËÏ ÚÁÍÅÔÉÔØ, ÞÔÏ ÐÒÉ
x → 0

(

4
10

)x − 1 ∼ x ln 410. òÁÓÓÍÏÔÒÉÍ ×ÙÒÁÖÅÎÉÅ, ÓÔÏÑÝÅÅ × ÚÎÁÍÅÎÁÔÅÌÅ:

3x − 7x =
[(

3
7

)x − 1
]

· 7x É ÐÒÉ x → 0
(

3
7

)x − 1 ∼ x ln 37 . ðÏÌÕÞÉÍ

lim
x→0
4x − 10x
3x − 7x = limx→0

((

4
10

)x − 1
)

· 10x
((

3
7

)x − 1
)

· 7x
= lim

x→0

x · ln 410 · 10x
x · ln 37 · 7x

=

=
ln 410
ln 37

· lim
x→0
10x

7x
=
ln 410
ln 37

=
ln 25
ln 37

.

ðÒÉÍÅÒ 15. ÷ÙÞÉÓÌÉÔØ ÐÒÅÄÅÌ lim
x→0

3
√
1+2x−1

x .

òÅÛÅÎÉÅ. éÍÅÅÍ ÎÅÏÐÒÅÄÅÌ¾ÎÎÏÓÔØ ×ÉÄÁ
[

0
0

]

. æÕÎËÃÉÑ, ÓÔÏÑÝÁÑ × ÞÉ-

ÓÌÉÔÅÌÅ 3
√
1 + 2x−1 ∼ (2x)· 13 , ÔÁË ËÁË limx→0

t(x) = lim
x→0
2x = 0, ÏÔÓÀÄÁ ÐÏÌÕÞÉÍ

lim
x→0

3
√
1 + 2x − 1

x
= lim

x→0

1
3 · 2x

x
=
2

3
.

ðÒÉÍÅÒ 16. ÷ÙÞÉÓÌÉÔØ ÐÒÅÄÅÌ lim
x→0

7x/2−1
ln(1+3x) .

òÅÛÅÎÉÅ. éÍÅÅÍ ÎÅÏÐÒÅÄÅÌ¾ÎÎÏÓÔØ ×ÉÄÁ
[

0
0

]

. æÕÎËÃÉÑ, ÓÔÏÑÝÁÑ × ÞÉ-

ÓÌÉÔÅÌÅ 7x/2 − 1 ∼ x
2 ln 7 ÐÒÉ x → 0, Á ÆÕÎËÃÉÑ, ÓÔÏÑÝÁÑ × ÚÎÁÍÅÎÁÔÅÌÅ

ln(1 + 3x) ∼ 3x, ÐÏÜÔÏÍÕ

lim
x→0

7x/2 − 1
ln(1 + 3x)

= lim
x→0

x
2 ln 7

3x
=
ln 7

6
.

ðÒÉÍÅÒ 17. ÷ÙÞÉÓÌÉÔØ ÐÒÅÄÅÌ lim
x→0

3
√
1+2x− 7

√
1−3x

8
√
1+x−1 .
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òÅÛÅÎÉÅ. éÍÅÅÍ ÎÅÏÐÒÅÄÅÌ¾ÎÎÏÓÔØ ×ÉÄÁ
[

0
0

]

. ôÁË ËÁË lim
x→0

3
√
1 + 2x = 1

É lim
x→0

7
√
1− 3x = 1, ÔÏ ÐÒÅÄÓÔÁ×ÉÍ ×ÙÒÁÖÅÎÉÅ, ÓÔÏÑÝÅÅ × ÞÉÓÌÉÔÅÌÅ × ×ÉÄÅ

3
√
1 + 2x − 7

√
1− 3x = 3

√
1 + 2x − 1 + 1− 7

√
1− 3x

É ×ÙÞÉÓÌÉÍ ÓÕÍÍÕ ÐÒÅÄÅÌÏ×:

lim
x→0

3
√
1 + 2x − 7

√
1− 3x

8
√
1 + x − 1

= lim
x→0

3
√
1 + 2x − 1
8
√
1 + x − 1

+ lim
x→0
1− 7

√
1− 3x

8
√
1 + x − 1

=

= lim
x→0

1
3
· 2x
1
8 · x

+ lim
x→0

1
7
· 3x
1
8 · x

=
16

3
+
24

7
=
184

21
.

ïÞÅÎØ ÞÁÓÔÏ ÐÒÉ ÒÁÂÏÔÅ Ó ÆÕÎËÃÉÑÍÉ ×ÉÄÁ:

ln g(x) É (g(x))m − 1, ÇÄÅ lim
x→a

g(x) = 1,

ÉÓÐÏÌØÚÕÅÔÓÑ ÐÒÅÏÂÒÁÚÏ×ÁÎÉÅ

g(x) = (g(x)− 1) + 1 = t(x) + 1, ÇÄÅ t(x) = g(x)− 1 É lim
x→a

t(x) = 0.

ïÔÓÀÄÁ ÐÏÌÕÞÁÅÍ

ln g(x) ∼ g(x)− 1 É (g(x))m − 1 ∼ m · (g(x)− 1), ÇÄÅ lim
x→a

g(x) = 1.

ðÒÉÍÅÒ 18. ÷ÙÞÉÓÌÉÔØ ÐÒÅÄÅÌ lim
x→0

sin2 3x√
1+x sinx−cosx .

òÅÛÅÎÉÅ. éÍÅÅÍ ÎÅÏÐÒÅÄÅÌ¾ÎÎÏÓÔØ ×ÉÄÁ
[

0
0

]

. òÁÓÓÍÏÔÒÉÍ ×ÙÒÁÖÅÎÉÅ,
ÓÔÏÑÝÅÅ × ÚÎÁÍÅÎÁÔÅÌÅ, × ÏËÒÅÓÔÎÏÓÔÉ ÎÕÌÑ.

√
1 + x sinx − cosx = cosx ·

(

√

1 + x sinx

cos2 x
− 1
)

.

÷ÙÒÁÖÅÎÉÅ, ÓÔÏÑÝÅÅ ÐÏÄ ÚÎÁËÏÍ ËÏÒÎÑ, ÓÔÒÅÍÉÔÓÑ Ë 1: 1+x sinx
cos2 x → 1 ÐÒÉ

x → 0. ðÒÅÄÓÔÁ×ÉÍ ÜÔÏ ×ÙÒÁÖÅÎÉÅ × ×ÉÄÅ
1 + x sinx

cos2 x
= 1 +

(

1 + x sinx

cos2 x
− 1
)

= 1 +
1 + x sinx − cos2 x

cos2 x
.

ïÔÓÀÄÁ É ÉÚ ÓËÁÚÁÎÎÏÇÏ ×ÙÛÅ ÓÌÅÄÕÅÔ, ÞÔÏ
√

1 + x sinx

cos2 x
− 1 ∼ 1

2
·
(

1 + x sinx − cos2 x
cos2 x

)

=
1

2
· sin

2 x+ x sinx

cos2 x
.
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ðÅÒÅÊÄ¾Í Ë ×ÙÞÉÓÌÅÎÉÀ ÐÒÅÄÅÌÁ.

lim
x→0

sin2 3x√
1 + x sinx − cosx

= lim
x→0

(3x)2

cosx · 12 · sin
2 x+x sinx
cos2 x

=

= lim
x→0
cosx · lim

x→0
2 · (3x)2

sinx(sinx+ x)
= 18 · lim

x→0
x2

x(sinx+ x)
= 18 · lim

x→0
x

sinx+ x
.

äÌÑ ×ÙÞÉÓÌÅÎÉÑ ÐÏÓÌÅÄÎÅÇÏ ÐÒÅÄÅÌÁ ÐÒÉÍÅÎÉÍ Ó×ÏÊÓÔ×Ï:

ÅÓÌÉ lim
x→a

f(x) = b 6= 0, ÔÏ lim
x→a

1

f(x)
=
1

b
.

îÁÈÏÄÉÍ:

lim
x→0
sinx+ x

x
= lim

x→0
sinx

x
+ lim

x→0
x

x
= 1 + 1 = 2.

ïÔÓÀÄÁ ÐÏÌÕÞÁÅÍ, ÞÔÏ

lim
x→0

x

sinx+ x
=
1

2
É lim

x→0
sin2 3x√

1 + x sinx − cosx
= 18 · 1

2
= 9.

ðÒÉÍÅÒ 19. ÷ÙÞÉÓÌÉÔØ ÐÒÅÄÅÌ lim
x→∞

x ln 3x−13x−6.

òÅÛÅÎÉÅ. éÍÅÅÍ ÎÅÏÐÒÅÄÅÌ¾ÎÎÏÓÔØ ×ÉÄÁ [0 · ∞]. òÁÓÓÍÏÔÒÉÍ ÆÕÎËÃÉÀ
ln 3x−13x−6. ôÁË ËÁË limx→∞

3x−1
3x−6 = 1, ÔÏ ÐÒÅÄÓÔÁ×ÉÍ ×ÙÒÁÖÅÎÉÅ, ÓÔÏÑÝÅÅ ÐÏÄ ÚÎÁËÏÍ

ÌÏÇÁÒÉÆÍÁ, × ×ÉÄÅ

3x − 1
3x − 6 = 1 +

(

3x − 1
3x − 6 − 1

)

= 1 +
5

3x − 6 = 1 + t(x),

ÇÄÅ lim
x→∞

t(x) = lim
x→∞

5

3x − 6 = 0.

óÐÒÁ×ÅÄÌÉ×Ï ÓÏÏÔÎÏÛÅÎÉÅ

ln
3x − 1
3x − 6 = ln

(

1 +
5

3x − 6

)

∼ 5

3x − 6.

÷ÙÞÉÓÌÉÍ ÐÒÅÄÅÌ:

lim
x→∞

x ln
3x − 1
3x − 6 = limx→∞

x · 5

3x − 6 =
5

3
.

§3. ÷ÙÞÉÓÌÅÎÉÅ ÐÒÅÄÅÌÁ ÓÔÅÐÅÎÎÏ-ÐÏËÁÚÁÔÅÌØÎÏÊ ÆÕÎË-
ÃÉÉ

óÔÅÐÅÎÎÏ-ÐÏËÁÚÁÔÅÌØÎÏÊ ÆÕÎËÃÉÅÊ ÎÁÚÙ×ÁÅÔÓÑ ÆÕÎËÃÉÑ ×ÉÄÁ (u(x))v(x),
u(x) > 0.
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ðÏÌØÚÕÑÓØ ÎÅÐÒÅÒÙ×ÎÏÓÔØÀ ÐÏËÁÚÁÔÅÌØÎÏÊ ÆÕÎËÃÉÉ, ÐÏÌÕÞÁÅÍ

lim
x→a

u(x)v(x) = lim
x→a

ev(x) ln u(x) = e
lim
x→a
(v(x) ln u(x))

.

ôÁËÉÍ ÏÂÒÁÚÏÍ, ÎÁÈÏÖÄÅÎÉÅ ÐÒÅÄÅÌÁ ÓÔÅÐÅÎÎÏ-ÐÏËÁÚÁÔÅÌØÎÏÊ ÆÕÎËÃÉÉ Ó×Ï-
ÄÉÔÓÑ Ë ÎÁÈÏÖÄÅÎÉÀ ÐÒÅÄÅÌÁ lim

x→a
(v(x) lnu(x)).

åÓÌÉ lim
x→a

v(x) = A, lim
x→a
lnu(x) = B, ÔÏ lim

x→a
u(x) = eB, ÔÁË ËÁË

lim
x→a

u(x) = lim
x→a

elnu(x) = e
lim
x→a
lnu(x)

= eB.

ïÔÓÀÄÁ,

e
lim
x→a
(v(x) ln u(x))

= eA·B =
(

eB
)A
=
(

lim
x→a

u(x)
) lim

x→a
v(x)

.

äÒÕÇÉÍÉ ÓÌÏ×ÁÍÉ, ÅÓÌÉ

lim
x→a

u(x) = u, u > 0 É lim
x→a

v(x) = v, ÔÏ lim
x→a

u(x)v(x) = uv.

åÓÌÉ lim
x→a
(v(x) lnu(x)) = +∞, ÔÏ É e(v(x) ln u(x)) → +∞ ÐÒÉ x → a. åÓÌÉ

lim
x→a
(v(x) lnu(x)) = −∞, ÔÏ e(v(x) ln u(x)) → 0 ÐÒÉ x → a.

ïÔÓÀÄÁ ×ÉÄÎÏ, ÞÔÏ ÅÓÌÉ lim
x→a
(v(x) lnu(x)) =∞ É ÐÒÏÉÚ×ÅÄÅÎÉÅ v(x) lnu(x)

ÎÅ ÓÏÈÒÁÎÑÅÔ ÚÎÁË ÎÉ × ËÁËÏÊ ÐÒÏËÏÌÏÔÏÊ ÏËÒÅÓÔÎÏÓÔÉ ÔÏÞËÉ a, ÔÏ ÆÕÎËÃÉÑ
u(x)v(x) = ev(x) ln u(x) ÎÅ ÉÍÅÅÔ ÐÒÅÄÅÌÁ ÐÒÉ x → a.

ðÒÉÍÅÒ 1. ÷ÙÞÉÓÌÉÔØ ÐÒÅÄÅÌ lim
x→1

(

sin πx
4

)x2+5
.

òÅÛÅÎÉÅ. ôÁË ËÁË lim
x→1
sin πx

4 =
1√
2
É lim

x→1
(x2 + 5) = 6, ÔÏ

lim
x→1

(

sin
πx

4

)x2+5

=

(

1√
2

)6

=
1

8
.

ðÒÉÍÅÒ 2. ÷ÙÞÉÓÌÉÔØ ÐÒÅÄÅÌ lim
x→+∞

(

x2+3
3x2+1

)lnx

.

òÅÛÅÎÉÅ. ðÒÅÄÓÔÁ×ÉÍ
(

x2+3
3x2+1

)lnx

× ×ÉÄÅ:

(

x2 + 3

3x2 + 1

)lnx

= elnx·ln x2+3
3x2+1 .

ôÁË ËÁË lim
x→+∞

x2+3
3x2+1 =

1
3 É limx→+∞

lnx = +∞, ÔÏ lim
x→+∞

lnx · ln x2+3
3x2+1 = −∞,

ÓÌÅÄÏ×ÁÔÅÌØÎÏ

lim
x→+∞

(

x2 + 3

3x2 + 1

)lnx

= 0.

ðÒÉÍÅÒ 3. ÷ÙÞÉÓÌÉÔØ ÐÒÅÄÅÌ lim
x→0

(

sin2 x
)− 1

x2 .
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òÅÛÅÎÉÅ. ðÒÅÄÓÔÁ×ÉÍ
(

sin2 x
)− 1

x2 × ×ÉÄÅ:

(

sin2 x
)− 1

x2 = e−
1

x2
ln sin2 x.

ôÁË ËÁË lim
x→0
sin2 x = 0 É lim

x→0

(

− 1
x2

)

= −∞, ÔÏ

lim
x→0

(

− 1
x2
ln sin2 x

)

= +∞, lim
x→0

(

sin2 x
)− 1

x2 = +∞.

ðÕÓÔØ × ÐÒÏÉÚ×ÅÄÅÎÉÉ v(x) lnu(x) ÐÒÅÄÅÌ ÏÄÎÏÇÏ ÉÚ ÓÏÍÎÏÖÉÔÅÌÅÊ ÐÒÉ
x → a ÒÁ×ÅÎ ÎÕÌÀ, Á ×ÔÏÒÏÊ ÓÏÍÎÏÖÉÔÅÌØ Ñ×ÌÑÅÔÓÑ ÂÅÓËÏÎÅÞÎÏ ÂÏÌØÛÏÊ
ÆÕÎËÃÉÅÊ ÐÒÉ x → a. ôÁËÏÅ ×ÏÚÍÏÖÎÏ × ÔÒ¾È ÓÌÕÞÁÑÈ:

1) lim
x→a

v(x) = 0, lim
x→a

u(x) = +∞ (ÓÉÍ×ÏÌÉÞÅÓËÉ ÏÂÏÚÎÁÞÁÅÔÓÑ
[

∞0
]

);

2) lim
x→a

v(x) = 0, lim
x→a

u(x) = 0 (ÓÉÍ×ÏÌÉÞÅÓËÉ ÏÂÏÚÎÁÞÁÅÔÓÑ
[

00
]

);

3) lim
x→a

v(x) =∞, lim
x→a

u(x) = 1 (ÓÉÍ×ÏÌÉÞÅÓËÉ ÏÂÏÚÎÁÞÁÅÔÓÑ [1∞]).

÷ ÜÔÉÈ ÓÌÕÞÁÑÈ ÄÌÑ ×ÙÞÉÓÌÅÎÉÑ ÐÒÅÄÅÌÏ× ÐÒÉÍÅÎÑÀÔ ÐÒÉ¾ÍÙ, ËÏÔÏÒÙÅ
ÂÙÌÉ ÐÏËÁÚÁÎÙ ÐÒÉ ×ÙÞÉÓÌÅÎÉÉ ÐÒÅÄÅÌÏ× × ÓÌÕÞÁÑÈ ÎÅÏÐÒÅÄÅÌ¾ÎÎÏÓÔÅÊ.

ðÒÉÍÅÒ 4. ÷ÙÞÉÓÌÉÔØ ÐÒÅÄÅÌ lim
x→0+

(1 + sinx)
1
2x .

òÅÛÅÎÉÅ. éÍÅÅÍ ÎÅÏÐÒÅÄÅÌ¾ÎÎÏÓÔØ ×ÉÄÁ [1∞]. ðÒÅÄÓÔÁ×ÉÍ × ×ÉÄÅ:

(1 + sinx)
1
2x = e

1
2x ln(1+sinx).

÷ÙÞÉÓÌÉÍ

lim
x→0+

ln(1 + sinx)

2x
= lim

x→0+
sinx

2x
= lim

x→0+
x

2x
=
1

2
.

ðÏÌÕÞÉÍ

lim
x→0+

(1 + sinx)
1
2x = e

1
2 .

÷ ÄÁÌØÎÅÊÛÅÍ ÎÁÍ ÐÏÎÁÄÏÂÑÔÓÑ ÓÌÅÄÕÀÝÉÅ ÓÏÏÔÎÏÛÅÎÉÑ:

lim
x→+∞

xp

ax
= 0 (a > 1, p > 0),

lim
x→+∞

lnq x

xp
= 0 (p > 0, q > 0),

lim
x→0+

xp lnq x = 0 (p > 0, q > 0).

ðÒÉÍÅÒ 5. ÷ÙÞÉÓÌÉÔØ ÐÒÅÄÅÌ lim
x→0+

xx.

òÅÛÅÎÉÅ. éÍÅÅÍ ÎÅÏÐÒÅÄÅÌ¾ÎÎÏÓÔØ ×ÉÄÁ
[

00
]

. ðÒÅÄÓÔÁ×ÉÍ xx = ex lnx.
ôÁË ËÁË lim

x→0+
x lnx = 0, ÔÏ lim

x→0+
xx = e0 = 1.

ðÒÉÍÅÒ 6. ÷ÙÞÉÓÌÉÔØ ÐÒÅÄÅÌ lim
x→+∞

(

5x2

x−4

)
1
x

.
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òÅÛÅÎÉÅ. éÍÅÅÍ ÎÅÏÐÒÅÄÅÌ¾ÎÎÏÓÔØ ×ÉÄÁ
[

∞0
]

. ðÒÅÄÓÔÁ×ÉÍ

(

5x2

x − 4

)
1
x

= e
1
x ln

5x2+1
x−4 .

÷ÙÞÉÓÌÉÍ

lim
x→+∞

1

x
ln
5x2

x − 4 = lim
x→+∞

1

x
ln

(

x · 5x+
1
x

x − 4

)

=

= lim
x→+∞

1

x

(

lnx+ ln
5x+ 1x
x − 4

)

= lim
x→+∞

lnx

x
+ lim

x→+∞
1

x
ln
5x2 + 1

x2 − 4x = 0 + 0 = 0.

ïÔÓÀÄÁ ÏËÏÎÞÁÔÅÌØÎÏ ÐÏÌÕÞÉÍ

lim
x→+∞

(

5x2

x − 4

)
1
x

= e0 = 1.

úÁÄÁÞÉ ÄÌÑ ÓÁÍÏÓÔÏÑÔÅÌØÎÏÇÏ ÒÅÛÅÎÉÑ

÷ÙÞÉÓÌÉÔØ ÐÒÅÄÅÌ:
1. lim

x→−1
(x3 + 5x2 + 6x+ 1);

2. lim
x→5

x2−25
x−5 ;

3. lim
x→1

x3+4x−1
3x2+x+2 ;

4. lim
x→3

x2−5x+6
x−3 ;

5. lim
x→−2

x2+3x+2
x2−x−6 ;

6. lim
x→π

2

tg 2x
sin 4x ;

7. lim
x→π

2

1+sinx
1−cos 2x ;

8. lim
x→π

4

sinx−cosx
cos 2x ;

9. lim
x→1

x4+2x2−3
x2−3x+2 ;

10. lim
x→−2

x2+6x+8
x3+8

;

11. lim
x→3

9−x2√
3x−3;

12. lim
x→−1

x2−x−2
x3+1 ;

13. lim
x→π

4

sin 2x−cos 2x−1
cosx−sinx ;

14. lim
x→∞

3x−4
x−2 ;
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15. lim
x→∞

7x2+5x+1
3+14x2+2x

;

16. lim
x→∞

5x3−7x
1−2x3 ;

17. lim
x→∞

2x−3
x2+2 ;

18. lim
x→∞

2x3+4
x2+5 ;

19. lim
x→+∞

√
4x2+1−x
3x+5

;

20. lim
x→∞

(x+1)10(x2+1)
(3x+1)2(x+5)5(x−1)5 ;

21. lim
x→∞

(x2+1)50

(x+1)100 ;

22. lim
x→+∞

√
x2+5+ 3

√
8x3+1

5
√

x5+3
;

23. lim
x→+∞

√
x2+1
x+1
;

24. lim
x→−∞

√
x2+1
x+1 ;

25. lim
x→−∞

3
√

x3+1−
√
4x2−1

x+7 ;

26. lim
n→∞

(n+1)(n+2)(n+3)
n4+n2+1 ;

27. lim
x→−∞

√
x2−1− 3

√
x3+2

7x+ 4
√

x4+1
;

28. lim
x→+∞

√
2x2+3x
3
√

x3−2x2 ;

29. lim
x→∞

(

3x2+1
4−x2

+ 2
1

x−1

)

;

30. lim
x→0

√
1+x−

√
1−x

x ;

31. lim
x→π

√
1−tgx−√

1+tgx
sin 2x ;

32. lim
x→+∞

(√
x2 + 4x − x

)

;

33. lim
x→+∞

(√
x2 + 3x+ 1−

√
x2 − 3x − 4

)

;

34. lim
x→−∞

(√
x2 + 4−

√
x2 − 3x+ 1

)

;

35. lim
x→+∞

(

x −
√

x2 + x+ 1
)

;

36. lim
x→+∞

(

x −
√

x2 − a2
)

;

37. lim
x→2

(√
3+x+x2

x2−3x+2 −
√
9−2x+x2

x2−3x+2

)

;

38. lim
x→0

5x
3
√
1+x− 3

√
1−x
;

39. lim
x→0

√
1+x+x2−1

x ;

40. lim
x→+∞

(√
1 + x2 − x

)

;



18 úÁÄÁÞÉ ÄÌÑ ÓÁÍÏÓÔÏÑÔÅÌØÎÏÇÏ ÒÅÛÅÎÉÑ

41. lim
x→−∞

(√
1 + x2 − x

)

;

42. lim
x→0

3
√
1+x2−

√
1+x2

x3+2x2 ;

43. lim
x→0

3
√
1+x2−1√
3x2+1−1;

44. lim
x→0

sin 3x
x ;

45. lim
x→0

sin 4x
sin 5x
;

46. lim
x→π

sin 10x
sin 9x ;

47. lim
x→∞

sinx
x ;

48. lim
x→0

sin2 2x
x2
;

49. lim
x→0

1−cos 2x
x sinx ;

50. lim
x→0

sin 7x√
x+1−1;

51. lim
x→ 1

2

arctg(2x−1)
4x2−1 ;

52. lim
x→0

√
1+sinx−

√
1−sinx

2x ;

53. lim
x→−2

arcsin(x+2)
x2+2x ;

54. lim
x→3

(

sin(x−3)
x2−9 + 4

− 1
(x−3)2

)

;

55. lim
x→0

cos(a+x)−cos(a−x)
x

;

56. lim
x→0

2x sinx
1

cos 2x−1
;

57. lim
x→0

sin(x+b)+sin(x−b)
2x ;

58. lim
x→0

x ctgx;

59. lim
n→∞
3n sin x

3n ;

60. lim
x→0

cosmx−cosnx
x2 ;

61. lim
x→0

cosx− 3
√
cosx

sin2 x
;

62. lim
x→0

3
√
1+2x−1

x ;

63. lim
x→1

7
√

x−1
8
√

x−1;

64. lim
x→0

sin2 3x√
1−3x2−1;

65. lim
x→0

3
√
cosx−1

5
√
cos 2x−1;

66. lim
x→1

( 5
√

x−1)(2x−1−1)
cos(x−1)−1 ;



úÁÄÁÞÉ ÄÌÑ ÓÁÍÏÓÔÏÑÔÅÌØÎÏÇÏ ÒÅÛÅÎÉÑ 19

67. lim
x→1

x
4
5−1

x
3
2−1
;

68. lim
x→−1

1+ 3
√

x
1+ 5

√
x
;

69. lim
x→0

√
1+x+x2−1
3x ;

70. lim
x→1

x6−1
x10−1;

71. lim
x→0

3
√
cosx−1
sin2 3x

;

72. lim
x→e

lnx−1
x−e
;

73. lim
x→10

lg x
10

x−10;

74. lim
x→π

4

ln tg x
cos 2x ;

75. lim
x→0

ln cosax
ln cos bx ;

76. lim
n→∞

n2 ln cos π
n .

77. lim
x→2

ln log2 x
x−2 ;

78. lim
x→π

4

ln tg x
1−ctgx ;

79. lim
x→3

4x−64
x−3 ;

80. lim
x→0

3x−2x
x ;

81. lim
x→0

e4x−e3x

sin 4x−sin 3x;

82. lim
x→∞

x ln 4+x
2+x;

83. lim
x→0

e−2x−1
arcsinx ;

84. lim
x→∞

x (ln(2x+ 5)− ln(2x+ 1));
85. lim

x→0
lg(1+10x)
log7(1+5x)

;

86. lim
x→0

e3x−1
e5x−1;

87. lim
x→0

2x−1
3x−1;

88. lim
x→0

4x−1
arccosx

;

89. lim
x→0

3tg x−3sinx

tg2 x
2

;

90. lim
x→2

4x−2−1
3x−2−1;

91. lim
x→5

5x−55
arctg(x−5) ;

92. lim
x→1

5
√

x−1
ex−1−1;

93. lim
x→0

ln(1+x)
ln(1−2x);
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94. lim
x→0

ln(1+sinx)
2sin 3x−1 ;

95. lim
x→e

ln lnx
2x−2e;

96. lim
x→3

log3 x−1
x−3 ;

97. lim
x→∞

(

x+1
x−1
)x
;

98. lim
x→∞

(

2x+3
2x+1

)x+1
;

99. lim
x→∞

(

x2−1
x2

)2x2

;

100. lim
x→0

(

cosx
cos 3x

)
1

x2 ;

101. lim
n→∞

(

cos x
n

)n
;

102. lim
n→∞

(

cos a√
n

)n

;

103. lim
x→π

4

(tgx)tg 2x;

104. lim
x→0
(cosx)ctg

2 x;

105. lim
x→π

4

(sin 2x)tg
2 2x;

106. lim
x→2

(

sinx
sin 2

)
1

x−2 ;

107. lim
n→∞

n(ln(n+ 4)− lnn);

108. lim
n→∞

n(lnn − ln(n+ 2));

109. lim
x→0

(

e3x + x
)
1
x ;

110. lim
x→0

(

1 + sin2 x
)

1
ln cosx ;

111. lim
x→0
(2x + sin 3x)ctg 3x;

112. lim
x→1
(2− x)

1
sin(x−1) ;

113. lim
x→0

(

cos 4x+ 2x2
)
1

x2 ;

114. lim
x→1
(2− x)1/ cos

πx
2 ;

115. lim
x→0

(

ex2 + cosx
)
1

x2

;

116. lim
x→5

(

2− x
5

)ctg πx
5 ;

117. lim
x→∞

(

3+x
7+x

)1/ sin 2x ;

118. lim
x→0

cos 7x−1
3
√
1+3x2−1;
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119. lim
x→0

1+x sinx−cos 2x
sin2 x

;

120. lim
x→∞

x+sinx
3+2x ;

121. lim
x→−∞

(√
x2 + 3x −

√
x2 − 3x

)

;

122. lim
x→1

x3−1
sin(x−1) ;

123. lim
x→∞

(

1−2x
3
√
1+8x3

+ 2−x2
)

;

124. lim
x→−2

x2+x−2
x2+2x

;

125. lim
n→+∞

1−5n
1+5n+1

;

126. lim
n→−∞

3−10n
4+10n+1 ;

127. lim
x→0

sin 4x( 3
√
1+3x2−1)

x ln cos 3x
;

128. lim
x→ 1

6

23x−
√
2

6x−1 ;

129. lim
x→∞
2x log2

3+x
4+x
;

130. lim
x→1

arcsin(1−x)
1−x2 ;

131. lim
x→∞

(

cos 7x
)x2
;

132. lim
x→0

sin 3x−sin 2
sin 5x−sin 4x ;

133. lim
x→2

(x2−5x+6) sin(x−2)
x2−4x+4 ;

134. lim
x→2

xa−2a
xb−2b ;

135. lim
x→0
(1 + sinx)

1
2x ;

136. lim
x→0

7
√
1+sinx−1+tgx

x ;

137. lim
x→0

tg 2x−sin 2x
3
√
1+x3−1 ;

138. lim
x→0

4x−2x
x
;

139. lim
x→3

cos(3x−9)−cos(2x−6)√
x2−6x+10−1 ;

140. lim
x→π

2

sinx−1
√

x2−πx+π2

4 −1
;

141. lim
x→0

cos 3x−cosx
log3(3+x2)−1 ;

142. lim
x→3

√
x+13−2

√
x+1

log3 x−1 ;

143. lim
x→1

log4 cos(x−1)
5
√
2+x2−2x−1;

144. lim
x→2

4x−16
5
√
3−x−1 ;
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145. lim
x→−∞

√
x2+1+5 sinx

x+1 ;

146. lim
x→1

√
x−3−

√
2x−7

x2−3x−4 ;

147. lim
x→8

3
√

x−2
x2−7x−8;

148. lim
x→+∞

√
x+ 3

√
x+ 5

√
x

3
√

x+2 3
√

x+1
;

149. lim
x→0

log3(1+3x)+log3(1−3x)
x2 ;

150. lim
x→5

sinx−sin 5√
x−

√
5
;

151. lim
x→7

tg πx
7

x−7 ;

152. lim
x→ 1

2

cosπx
ctg 7πx ;

153. lim
x→π

6

√
3 sinx−cosx
36x2−π2 ;

154. lim
x→3

2x−8
sinπx ;

155. lim
x→π

3

2 cosx−1√
3x−√

π
;

156. lim
x→2

3
√

x−1− 3
√
3x−5

sinπx ;

157. lim
x→2

3
√
2+3x−2
ctg πx

4
;

158. lim
x→π

sin 5x+sin 6x+sin 7x
sin 9x−sin 4x ;

159. lim
x→9

sin πx
3

log3(2x−17).
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